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ABSTRACT 

The  proposed  Dynamic  Theory  adopts  generalizations  of  the  three 
classical  thermodynamic  laws  and  is  shown  to  produce  a unique  unifying 
effect  by  displaying  that  the  fundamental  principles  of  Newtonian  and 
relativistic  mechanics,  Einstein's  General  Theory,  Maxwell's  electro- 
magnetism, thermodynamics,  and  quantum  effects  occur  as  special  cases. 

This  not  only  reduces  the  number  of  fundamental  assumptions  but  presents 
a new  view  of  the  interrelationship  of  the  different  branches  of  physics. 

The  Dynamic  Theory  also  provides  reasons  to  support  the  necessity 
of  extending  the  dimensionality  of  the  world-view  to  five  dimensions; 
space,  time,  and  mass.  It  is  shown  that  the  fifth  dimension  produces 
seven  Maxwell -type  equations  containing  new  field  quantities  giving 
rise  to  a prediction  of  anomalous  magnetic  moments  for  neutrons  and  pro- 
tons. The  quantization  of  the  five-dimensional  world-view  predicts  the 
existence  of  three  spin  vectors,  (two  three-component  and  one  four- 
component)  which  require  octets  as  the  allowed  set  of  component  eigen- 
values for  fundamental  quantum  numbers  and  gives  support  to  the  hope  of 
tying  elementary  particles  to  fundamental  principles  in  a new  way. 

Other  predictions  of  the  theory  ir elude  reduced  pressures  in  an  elec- 
tromagnet)' cally  contained  ionized  plasma,  the  possibility  of  zero  radiation 
pressure  boundary  conditions  for  the  cosmos,  the  existence  of  a general- 
ized entropy  principle  which  includes  General  Relativity,  thermodynamics, 
and  quantum  principles.  The  Theory  also  predicts  the  existence  of  a 
limiting  rate  of  mass  conversion  which  is  fundamentally  the  equivalent  of 
the  limiting  velocity  and  temperature  of  relativistic  and  thermodynamic 
theories  as  well  as  providing  the  means  to  predict  the  self-energy  of  a 
charged  particle. 
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I-  INTRODUCTION 


The  objective  of  this  report  is  to  present  as  cos^lete  a picture 
as  possible  of  the  development  and  current  status  of  the  proposed 
physical  theory,  hereafter  referred  to  as  the  Dynamic  Theory.  The  pre- 
sentation will  include  philosophical  foundations,  logic  development,  and 
some  of  the  unanswered  questions  considered.  Such  a presentation  runs 
the  risk  of  being  lengthy  and  appearing  to  lack  logical  order,  particularly 
if  strict  chronological  order  is  used.  This  risk  will  be  taken  in  order 
to  make  tne  presentation  as  coral ete  as  possible  though  chronological  order 
will  not  be  followed. 

During  any  theorization  the  philosophy  of  the  theorist  plays  such  an 
important  role  that  an  attenpt  to  understand  the  theory  is  aided  by  a 
knowledge  of  this  philosophy.  Therefore  this  recort  includes  not  only  the 
philosophical  basis  upor.  vdiich  the  theory  is  based  and  the  mathematical 
development  but  also  ideas  and  beliefs  which  played  a part  in  the  various 
decisions.  Because  of  the  individualistic  nature  of  philosophy  this  report 
will  deviate  occasionally  from  a strict  third  person  presentation,  risking 
a loss  of  professional  appearance,  to  the  clearly  personal  first  person. 

Though  I had  often  es<ed  “Why?"  when  confronted  with  some  new  assump- 
tion or  adopted  post?1 ate,  the  first  really  puzzling  facet  of  current 
physics  I encountered  was  the  concept  of  relativistic  kinetic  energy  from 
Einstein’s  Special  Theory  of  Relativity.  The  puzzling  part  was  that  it 
depended  upon  the  speed  of  light  independent  of  the  mechanism  by  which 
this  energy  nrig'nt  be  transferred.  To  better  illustrate  what  puzzled  ca, 
consider  the  transfer  of  energy  between  two  coerced  particles  on  collision 
courses.  If  the  particles  have  near-miss  trajectories  then  the  energy 


is  primarily  transferred  by  the  electrical  forces  between  the  charges . 

Pros  the  view  of  retarded  potentials,  or  the  concept  cf  a lien  ting  speed 
of  electromagnetic  signal  transmission,  it  is  rather  easy  to  accept  the 
energy  transferred  being  dependent  upon  this  limiting  velocity-  Eat  sup- 
pose the  particles  are  uncharged  and  the  interaction  is  strictly  a gravi- 
tational one.  Again  the  concept  of  a limiting  signal  speed  would  imply 
that  the  energy  exchanged  between  the  particles  depend  upon  this  limiting 
velocity.  Sut  is  it  the  same  as  the  limiting  signal  velocity  for  the 
electromagnetic  case?  Do  gravitational  waves  travel  at  the  same  speed  as 
electromagnetic  waves? 

Einstein,  in  the  Special  Theory  of  Relativity,  adopted  the  position 
that  the  constancy  of  the  speed  of  light  forces  a modification  of  Newton’s 
dynamic  law.  This  modification  implies  that  ail  forces  have  the  same 
limiting  velocity,  namely,  the  speed  of  light.  There  exists  an  abundance 
of  theoretical  and  experimental  evidence  that  the  speed  of  light  becomes 
the  limiting  velocity  whenever  electromagnetic  forces  ere  involved.  The 
point  that  bothered  me  was  the  other  forces,  such  as  gravitational,  should 
they  also  have  the  same  limiting  velocity?  Though  we  have  ted  reports  of 
the  detection  of  gravitational  waves  we  have  r*o  experimental  determination 
of  the  speed  of  a gra vita tic  ; wave.  Therefore,  I object  to  the  viewpoint 
that  the  modification  to  Newton’s  law  should  be  applied  to  all  forces 
without  some  additional  justification. 

Let  me  describe  an  analogy  which  cay  not  hold  in  the  strictest  sense 
yet  will  serve  to  illustrate  my  point  of  view.  A river,  flowing  toward 
the  sea,  carries  energy  with  it.  The  speed  with  which  this  energy  can  cove 
from  on?  point  to  another  is  the  velocity  of  the  river’s  current.  The 
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river  produces  a ~©rte  on  a teat  tied  ep  t©  a pier  cn  tie  nver.  *hen 


tae  ©oat  is  set  sonrt. 


orce  acceierates  tie  boat.  However,  the 


trsxitxss  velocity  to  which  tie  river  can  accelerate  the  boat  is  the  current 
velocity;  this  's  the  velocity  vith  which  tie  energy  ©f  the  river  can 
propagate. 

Froi?  this  Dcirt  of  vie*  tie  speed  o*  light,  be  ire  the  propagation 
velocity  of  e1ectroiia®etic  energy  msst  be  the  limiting  velocity  associated 
with  electronacnetic  forces.  Certainly  nature  wool c be  such  simpler  i~  all 
forces  have  the  sane  Unities  velocity.  Yet  without  some  experimental 
evidence  of  the  propagation  of  gravitational  energy,  I find  it  difficult 
to  feel  comfortable  with  Einstein’s  modification  of  Salon’s  law  ysstified 


bv  electrocaoostic  experimental  ev 


and  arcanesits  of  simolicity. 


The  fpmfenental  philosophical  viasoint  that  the  force  depends  upon 
velocity  and  vanishes  as  the  velocity  approaches  the  limiting  velocity 


raises  another  question 


line  EiBsteio’s  ©edification  sr  classical 


ireehaaics.  leader  Einstein’s  modification  rare:  1 ten’s  principle  is  written 
with  a relativistic  mass  which  depends  open  the  velocity  and  a velocity 
independent  force,  *toes  this  represent  a different  philosophy  or  are 


both  views  equivalent?  Wore  specifically,  are  tie 


its  to  02 


taken  as  a mass 


velocity  together  with  a velocity  depeod^t 


force  or  should  we  associate  tie  velocity 


dent  relativistic  mass  and 


velocity  insependsit  forces  with  'real*  'scrl d?  Or  does  it  make  any  dif- 
ference which  we  chose? 

At  this  point  I faced  the  first  cajor  decision.  If  I adopted  firs  tain’s 
Dostaiates  then  *t  aoosared  that  I weald  be  required  to  dheooe  or  ~nitri stive 


extremely 


§• 


1 ! 


m 


m I 


M 1 


E 


gg  i. 


difficult  to  do.  On  the  other  hand,  if  I did  not  embrace  these  pustulates, 
I would  have  to  replace  them  with  something  which  would  say  essentially 
the  same  thing  in  all  cases  where  the  Special  Theory  of  Relativity  has 
been  found  to  be  very  accurate.  Not  only  this  but  if  a new  point  of  view 
were  adopted  then  virtually  the  entire  sphere  of  physics  may  need  to  be 
reviewed  in  order  to  ensure  that  the  new  ''oint  of  view  did  not  conflict 
with  currently  used  theories.  This  seemed  an  imposing,  if  not  impossible, 
task,  particularly  since  my  educational  experience  was  in  electrical 
engineering  rather  than  physics. 

History  records  the  advancements  in  physics  which  came  from  the 
efforts  of  people  new  to  the  field.  Therefore  my  lack  of  training  in 
physics  might  be  turned  into  an  advantage  if  I sought  to  determine  a philo- 
sophical basis  unhampered  by  the  directed  philosophy  that  comes  from  a 
study  of  physics  as  currently  taught.  This  is  in  contradistinction  with 
current  practices  and  procedures  of  academicism  where  mastery  of  current 
theories  generally  preceeds  the  development  of  a new  one.  To  deliterately 
choose  this  deviation  risks  accusations  of  arrogance  and  naivete.  On  the 
other  hand  such  a choice  seemed  the  best  way  of  avoiding  the  danger  of 
becoming  so  familiar  with  current  ways  of  thinking  as  to  make  it  improbable 
of  giving  due  attention  to  other  ways.  'Whether  or  not  I succeeded  in 
determining  an  alternate  set  of  postulates  consistant  with  reality  the 
search  would  demand  a deeper  study  of  physics  than  I would  likely  achieve 
otherwise. 

Having  decided  to  look  for  a new  foundation  for  physics  I was  faced 
with  the  question  of  how  to  begin.  I recalled  some  Ozark  hill  philosophy 
I overheard  as  a youngster.  A native  Ozarkian  was  giving  directions  to  a 
stranger  who  was  trying  to  find  a certain  fishing  hole.  The  directions 
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went  something  like  this:  "See  yonder  road  going  down  that  holler? 

Well,  go  down  thar  'bout  five  mile  and  you'll  come  to  a fork  in  the  road. 
Take  the  right  hand  fork.  Now  that's  the  wrong  one  but  you  take  it  any- 
ways. After  you've  gone  a piece  you'll  come  to  a leg  across  the  road. 

Now  you  know  you're  on  the  wrong  road.  So  go  back  and  take  the  left 
hand  fork.  You  can't  miss  it." 

A quick  review  of  physics  reveals  that  there  are  different  branches 
with  different  sets  of  fundamental  laws  or  postulates.  Though  it  is  easy 
to  see  how  the  distinction  between  these  branches  came  about  it  was  diffi- 
cult for  me  to  believe  that  nature  shared  the  same  divisions.  I felt  that 
all  natural  phenomena  should  be  explained  by  a single  set  of  fundamental 
laws.  This  belief  is  somewhat  like  a grove  of  redwood  trees  or  bamboo 
forest.  Above  the  ground  each  tree  appears  as  a distinct  plant.  Yet  we 
know  that  below  the  ground  they  may  be  found  to  grow  from  the  same  root 
system.  Thus  I felt  that  a more  fundamental  approach  might  display  the 
unity  in  nature  and  that  prior  attempts  at  unification  in  the  search  for  a 
unified  field  theory  could  be  likened  to  attempts  to  tie  the  trees  together 
at  the  tree  top  level  rather  than  down  at  the  root  level. 

Is  nature  symmetrical  in  time?  Does  everything  run  backward  in  time 
as  well  as  forward?  Obviously,  not  every  process  in  nature  will  run  back- 
wards, yet  the  equations  of  motion  in  Newtonian  and  relativistic  mechanics 
are  time  symmetrical.  I believe  in  an  asymetrical  nature  and  this  belief 
played  a role  in  the  eventual  selection  of  fundamental  laws. 

How  then  did  I use  this  philosophy  to  determine  a set  of  generalized 
laws  on  which  to  base  an  attempt  to  construct  a new  approach  to  physics? 

Newtonian  mechanics  fails  to  describe  events  involving  high  velocities, 
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relativistic  mechanics  fails  to  describe  the  atom,  and  gravitational 
effects  have  resisted  quantization.  If  these  are  viewed  as  logs  and 
the  Ozarkian's  directions  are  followed,  then  we  must  retrace  our  steps 
and  seek  another  approach  ratner  than  attempting  to  chop  up  the  log  and 
continue  to  push  forward  up  one  of  these  roads. 

The  branch  of  thermodynamics  however  does  not  appear  to  have  a log 
somewhere  along  the  way.  Here  the  classical  thermodynamic  laws  are  very 
general,  particularly  Caratheodory's  statement  of  the  second  law.  Thus 
the  thermodynamic  laws  appeared  to  be  the  fork  in  the  road  where  a new 
route  might  be  chosen. 

However,  in  mechanics  we  talk  of  equations  of  motion,  field  equations, 
and  geometry  while  in  thermodynamics  we  speak  of  equations  of  state  and 
equilibrium.  If  a generalization  of  the  classical  thermodynamic  laws  is 
adopted  how  might  we  obtain  the  equations  with  which  we  are  familiar  with 
in  mechanics?  More  particularly,  how  could  this  type  of  general  laws 
yield  geometry  and  a variational  principle?  The  second  law  of  thermody- 
namics can  produce  a variational  principle  through  principles  such  as  in- 
creasing entropy  and  minimizing  free  energy,  but  can  it  also  produce  a 
geometry? 

This  seemed  to  be  a crucial  point.  If  the  laws  could  not  produce 
a geometry  then  a geometry  would  have  to  be  assumed  thus  necessitating 
an  additional  assumption.  The  belief  that  a simple  fundamental  set  of 
laws  should  lead  to  the  fundamental  principles  of  the  different  branches 
of  physics  made  the  thought  of  additional  assumptions  abhorent.  The  notion 
that  the  adopted  laws  should  specify  the  type  of  geometry  that  must  be  used 
seemed  very  satisfying.  Newton  found  that  the  absolute  nature  of  Euclidean 
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geometry  brought  undesireable  features.  Einstein,  in  his  General  Theory, 
displayed  the  benefits  that  might  be  gained  by  going  to  a more  general 
geometry.  He  showed  that  physical  phenomena  might  be  displayed  as  ele- 
ments determined  by  certain  physical  laws.  This  is  essentially  the 
question  here.  Can  a set  of  laws,  which  are  generalizations  of  the 
classical  thermodynamic  laws,  determine  the  metric  elements  and  hence 
the  geometry? 

By  appealing  to  the  mathematics  of  functions  of  more  than  one  vari- 
able we  find  that  a quadratic  form  becomes  involved  when  a maxima  or  nrnima 
is  sought.  Further,  this  quadratic  form  generates  a natural  geometry  for 
that  function.  In  thermodynamics  the  stability  conditions  provide  a simi- 
lar quadratic  form  and  therefore  the  quadratic  form  which  specifies  the 
stability  conditions  should  form  a natural  geometry  for  a physical  system 
governed  by  lav/s  such  as  the  thermodynamic  laws. 

Thus  the  foundations  of  the  theory  were  established,  namely  the  be- 
lief that  all  physical  phenomena  should  be  derivable  from  a single  set  of 
physical  laws  which  were  generalizations  of  the  classical  thermodynamic 
laws.  Such  a theory  should  be  capable  of  describing  all  the  dynamic 
events  in  nature.  Therefore  it  seems  appropriate  to  call  it  the  'Dynamic 
Theory'.  Obviously,  for  such  a theory  to  be  tenable  it  must  reproduce, 
or  be  consistent  with,  the  various  fundamental  postulates  and/or  laws 
currently  used  in  the  various  branches  of  physics.  Indeed  it  should  do 
even  more.  It  should  also  reduce  the  number  of  necessary  assumptions  and 
provide  an  unprecedented  unification  of  physics.  Further,  there  is  the 
possibility  that  the  thoory  might  produce  an  experimental  verifiable 
orediction. 
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The  first  requirement  that  should  be  placed  upon  the  Dynamic  Theory 
is  that  it  reproduce,  or  be  consistent  with,  current  theories.  In  order 
to  show  that  the  Dynamic  Theory  satisfies  this  requirement  section  II  of 
this  report  states  the  adopted  laws  and  then  shows  how  appropriate  re- 
strictions upon  the  system  does  yield  the  fundamental  principles  for  the 
various  theories. 

Though  a theory  which  has  the  capability  of  displaying  a unification 
of  physical  theories  might  have  significant  value  based  solely  upon  this 
capability,  it  would  become  more  attractive  if  it  could  explain  phenomena 
for  which  no  explanation  exists  or  make  some  new  prediction  which  might 
lead  to  an  experimental  test  of  the  theory.  Since  restrictions  were  placed 
upon  the  system  in  order  to  show  how  current  theories  may  be  obtained,  the 
easiest  way  to  see  the  expanded  coverage  of  the  theory  is  to  relax  one 
or  more  of  the  restrictions  and  consider  a more  general  system.  In 
section  III  one  of  the  previously  imposed  restrictions  is  relaxed  and  the 
results  are  worked  out  for  several  types  of  systems. 

Section  IV  briefly  discusses  a couple  of  implications  which  come  from 
section  III  and,  if  valid,  are  of  fundamental  significance.  General  con- 
clusions are  presented  in  Section  V. 

A theory,  such  as  the  Dynamic  Theory,  immediately  poses  several  prob- 
lems which  are  not  associated  with  validity  or  applicability.  First,  there 
is  a new  point  of  view  to  be  dealt  with.  Initially  it  would  appear  to  be 
inconsistent  with  all  past  concepts  of  system  energy  or  relativistic  con- 
cepts. Yet  in  the  end  it  is  completely  consistent  with  current  theories 
and  sheds  an  entirely  new  light  upon  physical  phenomena. 
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Another  imposing  difficulty  with  the  Dynamic  Theory  stems  from  its 
generality.  The  scope  of  the  theory  includes  all  physical  phenomena  while 
in  the  past  half  century  the  vast  amount  of  scientific  knowledge  that  has 
been  accumulated  has  demanded  specialists.  Increasing  expansion  of  man- 
kinds knowledge  demands  further  specialization.  Such  a progression  pro- 
duces no  demand  for  a generalist.  The  result  is  that  the  greater  portion 
of  this  theory  will  be  outside  the  field  of  almost  every  reader. 

Closely  associated  with  this  problem  is  another.  Throughout  science 
symbols  and  words  are  used  to  denote  concepts  and  quantities.  The  limited 
number  of  available  symbols  and  words  together  with  the  expanded  scope  of 
scientific  knowledge  requires  duplication.  For  the  specialists  this  dupli- 
cation can  be  somewhat  minimized.  However,  in  the  case  of  a general  theory 
touching  virtually  all  areas  of  specialization  the  problem  becomes  very 
significant.  In  particular,  if  a certain  symbol  or  set  of  words  is  used 
a certain  notion  or  concept  may  be  associated  with  them  by  the  reader. 

This  association  will  likely  depend  upon  the  reader's  specialty  and  there- 
fore will  vary  with  the  reader.  Any  attempt  to  choose  symbology  or  word 
usage  aimed  at  a particular  specialty  risks  increased  confusion  for  readers 
in  other  field.  Therefore  the  reader  is  cautioned  to  keep  in  mind  that 
conceptualizations  and  symbology  familiar  because  of  its  use  in  one  branch 
of  physics  may  now  take  on  an  entirely  new  appearance. 
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II.  UNIFYING  EFFECT  OF  THE  DYNAMIC  THEORY 

The  Dynamic  Theory  uses  a different  viewpoint,  or  approach,  to  present 
a description  of  physical  phenomena.  Therefore  the  first  criterion  that 
it  must  meet  is  that  it  must  not  be  inconflict  with  existing  theories 
in  a field  of  physics  where  the  existing  theory  gives  an  adequate  and 
accurate  description.  To  show  that  the  Dynamic  Theory  meets  this  criterion 
this  section  will  present  the  adopted  laws  and  then  proceed  to  show  how 
the  fundamental  principles  of  existing  theories  may  be  obtained  from 
these  laws.  This  is  in  essence  displaying  the  unifying  effect  of  the 
theory. 

A.  General  Laws 

In  the  following  development  physical  concepts  are  necessary,  as 
are  symbols  for  these  concepts.  Because  this  development  will  merge 
certain  thermodynamic  conceptualizations  into  mechanics,  a notational 
dilemma  must  be  faced.  On  the  one  hand  it  is  desired  to  preserve  the 
thermodynamic  conceptualization  by  using  familiar  symbols  from  that 
theory.  On  the  other  hand  descriptions  of  mechanical  systems  are  also 
sought.  The  formulism  then  looks  either  like  thermodynamics  with  familiar 
thermodynamic  quantities  replaced  by  mechanical  quantities,  or  it  looks 
like  mechanics  into  which  thermodynamic  quantities  intruded.  In  either 
case  there  is  danger  of  confusion.  One  could  evade  the  dilemma  by  choosing 
entirely  different  symbols  for  the  variables  of  the  theory.  But  then 
the  whole  takes  an  artificially  abstract  character.  Since  the  purpose 
of  this  formulation  is  to  bring  out  the  power  of  the  thermodynamic 
conceptualization  it  was  decided  to  use  the  suggestiveness  of  the 
thermodynamic  or  mechanical  symbols  whenever  convenient  and  the  reader 
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is  asked  to  keep  an  open  mind  and  not  make  premature  associations  with 
the  symbols  used. 

1.  First  Law 

the  concept  of  conservation  of  energy  is  fundamental  to  all 
branches  of  physics  and  therefore  represents  a logical  beginning  for  a 
generalized  theory.  Therefore,  in  terms  of  generalized  coordinates  or 
independent  variables,  the  notion  of  work,  or  mechanical  energy,  is 
considered  linear  forms  of  the  type 

dW  = F-Cq1,.  . . , qn,  q1,  . . . , q^dq1;  (i  = 1,  2,  ...»  n) 

where  the  forces  F.  may  be  functions  of  the  velocities  (dqVdt  = q1)  as 

well  as  the  coordinates  q1  and  the  summation  convention  is  used.  The 

inclusion  of  velocities  in  forces  reflects  the  belief  that  forces  should 

depend  upon  the  velocities.  This  will  become  clearer  when  these  work 
terms  are  included  in  the  first  law. 

The  line  integral  F^  dq1  then  represents  the  work  done 
along  the  path  C by  the  generalized  forces. 

A system  may  acquire  energy  by  other  means  in  addition  to 
the  work  terms,  such  energy  acquisition  is  denoted  dQ. 

The  system  energy,  which  represents  the  energy  possessed  by 
the  system,  is  considered  to  be 

U( q1,  ...  , qn,  q1,  ...,  qn). 
dU  will  be  assumed  to  be  a perfect  differential. 

With  these  concepts  then  the  generalized  law  of  conservation 
of  energy,  which  is  adopted  as  the  first  law  of  the  Dynamic  Theory,  has 
the  form 


dQ  = dU  - <Sii 
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dti  - F.  dq1 ; (i  = 1,  ....  n). 


(II-l) 


Positive  dQ  is  taken  as  energy  added  to  the  system  by  means 
other  than  through  the  work  terms  and  F^  is  taken  as  the  component  of 
the  generalized  force  acting  on  the  system  which  caused  a displacement  dq1. 

In  the  first  law  the  dimensionality  is  n+1  and  is  determined 
by  the  system  considered.  There  is  no  limitation  on  the  quantity  or  type 
of  variables  that  may  be  used.  However,  in  this  presentation  and  in 
practice,  it  will  be  beneficial  to  place  restrictions  upon  the  type  and 
number  of  allowed  work  terms.  Therefore,  a system  with  only  one  work 
term  which  is  the  pdv  expansion  work  of  classical  thermodynamics  will  be 
called  a "thermodynamic"  system  and  the  dimensionality  will  be  two.  A 
system  with  three  or  less  mechanical  fdx  work  terms  will  be  called  a 
"mechanical"  system  with  the  appropriate  dimensionality.  Obviously,  if 
there  are  three  mechanical  work  terms  the  dimensionality  will  be  four. 

A system  with  a combination  of  the  thermodynamic  and  mechanical  work  terms 
will  be  considered  later. 

In  an  infinitesimal  transformation,  the  first  law  is  equiv- 
alent to  the  statement  that  the  differential 

du'  = dQ  + Fi  dq1 

is  exact.  That  is,  there  exists  a function  U whose  differential  is  dli; 
or  the  integral  / dU  is  independent  of  the  path  of  the  integration  and 
depends  only  on  the  limits  of  integration.  This  condition  is  not  shared 
by  dQ  or  <&’.  The  path  dependence  of  /3W  is  another  reason  that  the 
generalized  forces  are  assumed  to  be  functions  of  velocity  as  well  as 
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position.  In  Newtonian  mechanics  forces  are  usually  assumed  to  be 
dependent  on  position  only  so  that  the  simplicity  of  path  independence  may 
be  used.  Though  even  in  Newtonian  mechanics  certain  forces  are  taken  as 
velocity  dependent.  An  example  is  friction  forces. 

This  statement  of  the  generalized  first  law  is  consistent 
with  the  first  law  of  thermodynamics  in  that  if  there  is  only  one  generalized 
force,  which  is  taken  to  be  the  p-*essure,  and  one  generalized  coordinate, 
the  volume,  then  equation  {I 1-1 ) becomes 

dQ  = dll  + Pdv 

where  F = -P  with  the  convention  that  work  of  expansion  is  work  done  by  the 
system  on  its  surroundings.  Here  the  system  energy,  li,  is  the  thermodynamical 
internal  energy.  There  should  then  be  no  confusion  when  Carathecorv's 
statement  of  the  second  law  is  applied  to  this  thermodynami c system. 

However,  when  considering  the  application  of  generalizations  of  the  classical 
thermodynamic  laws  to  mechanical  systems  some  confusion  may  be  expected. 

During  the  initial  portion  of  this  development,  it  is  desired  to  demonstrate 
the  applicability  of  the  generalized  laws  to  mechanical  systems.  Therefore, 
it  may  help  to  avoid  confusion  to  think  of  the  generalized  coordinates 
of  a mechanical  system  as  the  space  coordinates  of  a mass  point.  Obviously, 
there  exist  systems  in  nature  which  may  be  considered  to  consist  of  a 
continuous  distribution  of  mass  points.  Such  a system  may  be  thought  of 
as  a composite  system  of  an  infinite  number  of  subsystems  and  therefore 
involve  an  infinite  nwnber  of  "generalized  coordinates,"  or  "degrees  of 
freedom."  However,  just  as  in  classical  mechanics,  we  may  later  make 
the  transition  from  mass  points  to  matter  in  the  bulk  then  the  generalized 
coordinates,  qi,  used  here  may  better  be  termed  independent  variables. 
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To  explore  some  of  the  consequences  of  the  exactness  of  dU 


consider  a system  whose  variables  are  F,  q and  q.  The  existence  of  the 
state  function  U,  or  an  equation  of  state,  naans  that  any  pair  of  these 
three  parameters  say  be  chosen  to  be  the  independent  variables  that 
cos^letely  specify  the  system.  For  example  consider  0 = U(F,  q),  then 

" * <§>,  dF  + #F  d<>* 

The  requi recant  that  dll  be  exact  immediately  leads  to  the  result 


ir  • jf  <>F]q- 

The  "energy  capacity"  of  a system  at  the  position  q with  dq  = o many 
be  defined  as 

r - 'AQ,  _ /3li, 

1 It'  » 

q Aq  q 3q  q 

while  the  "energy  capacity”  of  a system  under  a corstsnt  force  is  defined  as 


2.  Second  Law 

There  are  processes  which  satisfy  the  first  law  but  which  are 
not  observed  in  nature.  The  purpose  of  the  dynamical  second  law  is  to 
incorporate  such  experimental  facts  into  the  model  of  dynamics. 

The  statement  of  the  second  law  is  made  using  the  axiomatic 


statement  provided  by  the  Greek  mathematician  Caratheooory,  who  presented 
an  axiomatic  development  of  the  second  law  of  thermodynamics  which  may  be 
applied  to  a system  of  any  nur&er  of  variables.  The  second  law  may  then 
be  stated  as: 
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In  the  neighborhood  (however  close) 
of  any  equilibria  state  of  a systes 
of  any  number  of  dynaaic  coordinates, 
there  exists  states  that  cannot 
be  reached  by  reversible  0 - 
conservative  (dQ  = o)  processes. 

When  the  variables  are  theraodynasic  variables  the  Q-conservative 
processes  are  known  as  adiabatic  processes. 

A reversible  process  ic  one  that  is  performed  in  such  a way 
that,  at  the  conclusion  of  the  process,  both  the  systes  and  the  local 
surroundings  may  be  restored  to  their  initial  states,  without  producing 
any  change  in  the  rest  of  the  universe. 

Consider  a systes  whose  independent  coordinates  are  a 

* 

generalized  displacement  denoted  q,  a generalized  velocity  q (with 
q = dq/dt),  and  a generalized  force  F.  It  can  be  shown  that  the  "-conservative 
curve  comprising  all  equilibria  states  accessible  from  the  initial  state. 


i,  cay  be  expressed  by 


0 = 0(0,  q)  = constant 


where  0 represents  seme  as  yet  undetermined  function.  Curves  corresponding 
to  other  initial  states  would  be  represented  by  different  values  of  the 


constant 


Reversible  Q-conservative  carves  cannot  intersect,  for  if 


they  did  it  would  be  possible,  as  shown  in  Figure  1,  to  proceed  froa  an 
initial  equilibrium  state  i,  at  the  point  of  intersection,  to  two  different 
final  states  f,  and  f_,  having  the  sane  q,  along  reversible  Q-conservative 
oaths . which  is  not  allowed  bv  the  second  law. 


Figure  1.  If  tM  reversible 
Q-conservative  curves  could 
intersect,  it  would  be  possible 
to  violate  the  second  law  by 
performing  the  cycle  i,  f.,  f,,  i. 

jfter,  the  system  can  be  described  with  only  two  independent  variables. 
Such  as  on  the  Q- conserve live  curve,  then  if  these  variables  are  5 and  c, 
and  F is  a generalized  force, 

CK|  * itliJ- 

Regarding  U = u{q,  q)  then 

t",  _ ;oU\  i rfsU\» 

'-•s'  ~ i— *_  - L I— ~ ■ J Oq, 

BC;  4 M 


wnere  (^)  . F,  and  vf^}*  are  functions  of  o and  q. 

3Q  Q JS  H 

A Q-conservative  process  for  this  syst®  is 


[(tr);  - Fl  cq  = 0 . 

£*£  U 


Solving  for  dq/d-o  yields 


v\*  itaiU  a fcrtutaft  fan  'UiaiWilbuhlaiiniuiilllllMMinjl  Ml  1*<U  fa  AMMidita  nilOu 


;ft£  nest  hand  neroer  is  a “unction  o*  q and  q,  and  tneretore  the  derivative 
dq/oc,  representing  the  si  ore  of  a O-ccfiServative  c-m-?  or  a (q,  qj  diagram, 
is  known  at  s11  points.  Equation  '11-2)  Has  therefore  a solution  cons' sting 
of  a ~ e~i  1 y o*  curves,  see  Fleur®  2,  and  the  curve  through  any  ore  goirt 
nay  be  written 


*c,  c)  = constant 


figure  2.  The  first  law,  through  equation  (11-2) 
fills  the  (q.  o)  space  with  slopes  specified 
at  each  point-  The  r curses  represent  the  solu- 
tion curves  whose  tangents  are  the  retEiireo 
slopes.  The  second  law  requires  that  ohas® 
curves  do  not  intersect. 
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- set  O'  carves  is  obtained  when  different  values  are  assigned  to  the  con- 
stant. me  existence  of  the  family  of  curves  s(q,  q)  = constant,  gasereted 
ay  equation  (II-2;.  representing  reversible  Q-conservative  processes,  foiled 
fror  tie  fact  that  there  are  only  t=vo  injsgenifert  variables  and  not  fros 
any  lew  ©f  physics.  Tisjs  it  can  be  seer  that  the  first  law  ray  be  satisfied 
by  any  o*  these  = constant  curves.  The  axioo  requires  that  these  ervts 
do  not  intersect.  Therefore  the  axierr,  together  with  the  first  law.  leads 
to  the  conclusion  that:  through  any  arbitrary  initial-state  point,  all 

e O-consefvative  processes  lie  on  a curve,  a;*d  C-conservat^vs  curves 
stjer  states  determine  a fsniiv  of  RW-l^iSTSsctifif  curves. 


reversibi 


To  see  the  results  of  this  conclusion  consider  a system  whose  coordin- 
ates  are  the  generalized  velocity  q,  the  generalized  displacement  q and  the 
generalized  force  F.  The  first  law  is 

<TQ  = dti  - Fdq 

• • 

where  U and  F are  functions  of  q and  q.  Since  the  (q,  q)  surface  is  suo- 
divided  into  a family  of  non-intersecting  Q-conservative  curves 

o(q,  q)  = constant 

where  the  constant  can  take  on  various  values  o , a2>  ...  any  point  in  the 
surface  may  be  determined  by  specifying  the  value  of  o along  with  q so  that 
U,  as  well  as  F,  may  be  regarded  as  functions  of  a and  q.  Then 


and 


du  ■ (f),  d° + d< 


* ■ €),  * + * 


Since  a and  q are  independent  variables  this  equation  must  be  true  for 
all  values  of  da  and  dq. 

Suppose  do  = 0 and  dq  f 0.  The  provision  that  do  = 0 is  the  provision 
for  a Q-conservative  process  in  which  <TQ  = 0.  Therefore,  the  coefficient  of 
dq  must  vanish.  Then,  in  order  for  o and  q to  be  independent  and  for  dQ 
to  be  zero  when  do  is  zero,  the  equation  for  dQ  must  reduce  to 

3|5  = (l?>q 


with 


(— ) = F 
'3q'o 


I ij, 
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Defining  a function  x by 


where 


A = a(o,  q) 

Now,  in  general,  an  infinitesimal  of  the  type 
Pdx  + Qdy  + Rdz  + . . . , 

known  as  a linear  differential  form,  or  a Pfaffian  expression,  when  it 
involves  three  or  more  independent  variables,  does  not  admit  of  an 
integrating  factor.  It.  is  only  because  of  the  existence  of  the  axiom  that 
the  differential  form  for  cTQ  referring  to  a physical  system  of  any  number 
of  independent  coordinates  possess  an  integrating  factor. 

Two  infinitesimally  neighboring  reversible  Q-conservative  curves  are 
shown  in  Figure  3.  One  curve  is  characterized  by  a constant  value  of  the 
function  o^,  and  the  other  by  a slightly  different  value  + do  = o^.  In 
any  process  represented  by  a displacement  along  either  of  the  two  Q-conservative 
curves  dQ  = 0.  When  a reversible  process  connects  the  two  Q-conservative 
curves  energy  dQ  » ,\do  is  transferred. 


Figure  3,  Two  reversible  Q-conservative 
curves,  infinitesimally  close,  when  the 
process  is  represented  by  a curve  connecting 
the  Q-conservative  curves,  energy  cTQ  = ydo 
is  transferred 
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The  various  infinitesimal  processes  that  may  be  chosen  to  connect  the 
two  neighboring  reversible  Q-conservative  curves,  shown  in  Figure  3,  involve 
the  same  change  of  a but  take  place  at  different  X.  In  general  X is  a 
function  of  q and  q.  However,  it  is  obvious  that  X may  be  expressed  as  a 
function  of  a and  q.  To  find  the  velocity  dependence  of  X consider  two 
systems,  one  and  two,  such  that  in  the  first  system  there  are  two  independent 

coordinates  q and  q and  the  Q-conservative  curves  are  specified  by  different 

• 

values  of  the  function  a of  q and  q.  When  energy  dQ  is  transferred,  a 
changes  by  do  and  dQ  = xdo  where  X is  a function  of  a and  g. 

The  second  system  has  two  independent  coordinates  q,  and  q and  the 
Q-conservative  curves  are  specified  by  different  values  of  the  function  a 
of  q and  q.  When  dQ  is  transferred,  a changes  by  da  and  dQ  = Xdo  where  X 
is  a function  of  a and  q. 

The  two  systems  are  related  through  the  coordinate  q in  that  both  systems 
make  up  a composite  system  in  which  there  are  three  independent  coordinates 
q,  q,  and  q and  the  Q-conservative  curves  are  specified  by  different  values  of 
the  function  a of  these  independent  variables. 

Since  a = a(q,q)  and  a = a(^,q),  using  the  equations  for  a and  0,  oc 
may  be  regarded  as  a function  of  q,  0 and  a. 

For  an  infinitesimal  process  between  two  neighboring  Q-conservative  sur- 
faces specified  by  a and  0 + do  , the  energy  transferred  is  dQ  = X do  where 

v V,  v L C 

x£  is  also  a function  of  q,  0,  and  0.  Then 


30  . 30  30 

da  = —7-  dq  + da  + da. 
c Uq  3a  3a 

Now  suppose  that  in  a process  there  is  a transfer  of  energy  dQ 


(II-3) 


between  the  composite  system  and  an  external  reservoir  with  energies  dQ  and 
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dQ  being  transferred,  respectively,  to  the  first  and  second  systems,  then 

dQc  = dQ  + dQ 


X„  da  = Xda  + Xda, 
c c 


da  = ■—  da  + — da. 

C Ac  Xc 

Comparing  equations  (II-3)  and  (II-4)  for  doc  then 


( I 1-4) 


3oc 

—£■  - o. 


Therefore  aQ  does  not  depend  on  q,  but  only  on  a and  a.  That  is 

°c  = ac(o’5)* 

Again  comparing  the  two  expressions  for  dcc 

anrt 

}'c  do  xc  <JS 

therefore  the  two  ratios  x/xc  and  x/Xc  are  also  independent  of  q,  q and  q. 
Thest  two  ratios  depend  only  on  the  a's,  but  each  separate  X must  depend  on 
the  velocity  as  well  (for  example,  if  x depended  only  on  a and  on  nothing 
else,  the  dQ  = xda  would  equal  f(a)  da  which  is  an  exact  differential).  In 
order  for  each  X to  depend  on  the  velocity  and  at  the  same  for  the  ratios  of 
the  x's  to  depend  only  on  the  a's,  the  X's  must  have  the  following  structure: 


X = <}>(q)  f (a) , 
X = i>(q)  f(o) , 


= 4>(q)  g(o>  o). 


(H-5) 
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(The  quantity  x cannot  contain  q,  nor  can  \ contain  q,  since  x/xc  and 
X/Xc  must  be  functions  of  the  a's  only.) 

Referring  now  only  to  the  first  system  as  representative  of  any 
system  of  any  number  of  independent  coordinates,  the  transferred  energy 
is,  from  equations  (I 1-5), 

dQ  = <j>(q)  f(o)  da. 

Since  f(a)  do  is  an  exact  differential,  the  quantity  l/<j>(q)  is  an  integrating 
factor  for  dQ.  It  is  an  extraordinary  circumstance  that  not  only  does  an 
integrating  factor  exist  for  the  dQ  of  any  system,  but  this  integrating  factor 
is  a function  of  velocity  only  and  is  the  same  function  for  all  systems. 

The  fact  that  a system  of  two  independent  variables  has  a dQ  which  always 
admits  an  integrating  factor  regardless  of  the  axiom  is  interesting,  but  its 
importance  in  physics  is  not  established  until  it  is  shown  that  the  integrating 
factor  is  a function  of  velocity  only  and  that  it  is  the  same  function 
for  all  systems. 

3.  The  Absolute  Velocity 

The  universal  character  of  4>(§)  makes  it  possible  to  define 
an  absolute  velocity.  Consider  a system  of  two  independent  variables  q and 
q,  for  which  two  constant  velocity  curves  and  Q-conservative  curves  are 
shown  in  Figure  4.  Suppose  there  is  a constant  velocity  transfer  of  energy 
Q between  the  system  and  an  external  reservoir  at  the  velocity  q,  from  a 
state  b,  on  a Q-conservative  curve  characterized  by  the  value  a^  to  another 
state  c,  on  another  Q-conservative  curve  specified  by  o2.  Then  since 


dQ  = <j>(q)  f(o)  da. 


it  is  seen  that 


Figure  4.  Two  constant  velocity  energy 
transfers,  Q at  q from  b to  c and  Q3  at  q3 
from  a to  d,  between  the  same  two  conservative 
curves  ax  and  o2 


For  any  constant  velocity  process  between  two  other  points 

a to  d,  at  a velocity  q,  between  the  same  Q-conservative  curves  the  energy 

°2 

transferred  is  AQ(q3)  = aQ  = $(q,)  / f(o)  da  at  constant  q. 


Taking  the  ratio  of 

aQ  _ a(q)  _ a function  of  the  velocity  at  which  aQ  is  transferred 
aQ,  6\cL)  ” same  function  of  velocity  at  which  aQ3  is  transferred 


Then  the  ratio  of  these  two  functions  is  defined  by 

/•\  AQ  (between  o1  and  a2  at  a 
<>tq,T  ~ aQ3  (between  a,  and  a2  at  q3) 


or 


AQ3 

AQ  =' 

by  choosir.g  some  appropriate  velocity  q3  then  it  follows  that  the  energy 
transferred  at  constant  velocity  between  two  given  Q-conservative  curves 
decreases  as  $(q)  decreases,  or  the  smaller  the  value  of  Q the  lower  the 
corresponding  value  of  <f>(q).  When  AQ  is  zero  $(q)  is  also  zero.  The 
corresponding  velocity  qQ  such  that  $(q0)  is  zero  is  the  "absolute  velocity." 
Therefore,  if  a system  undergoes  a constant  velocity  process  between  two 
Q-conservative  curves  without  an  exchange  of  energy,  the  velocity  at  which 
this  takes  place  is  called  the  absolute  velocity. 

4.  The  Concept  of  Entropy 

In  a system  of  two  independent  variables,  all  states  accessible 
from  a given  initial  state  by  reversible  Q-conserv«.tive  processes  lie  on  a 
a(q,  q)  curve.  The  entire  (q,  q)  space  may  be  conceived  as  being  filled  by 
many  non-intersecting  curves  of  this  kind,  each  corresponding  to  a different 
value  of  o.  In  a reversible  non  Q-conservative  process  involving  a transfer 
of  energy  dQ,  a system  in  a state  represented  by  a point  lying  on  a surface 
a will  change  until  its  state  point  lies  on  another  surface  0 + da.  Then 

dQ  = Ada, 

where  1/A,  the  integrating  factor  of  dQ,  is  given  by 

A = $(q)  f(a) , 

and  therefore 

dQ  = <p(q)  f(a)  da 
or 

= f 1 ^ da- 


i 

i 


I 

i 

t 
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Since  a is  an  actual  function  of  q and  q the  right-hand  member  is  an 
exact  differential,  which  may  be  denoted  by  dS;  and 


where  S is  the  mechanical  entropy  of  the  system  and  the  process  is  a rever- 
sible one. 

The  dynamical  second  law  may  be  used  to  prove  the  equivalent  of  Clausius' 
theorem,  which  is  stated  here  without  proof. 

Theorem:  In  any  cyclic  transformation  throughout  which  the  velocity  is 
defined,  the  following  inequality  holds: 


<5 


JlQL< 
0(q)  " 


9 


where  the  integral  extends  over  one  cycle  of  the  transformation.  The  equality 
holds  if  the  cyclic  transformation  is  reversible.  Then  ^or  an  arbitrary 
transformation 

/ -^r<  S(B)  - S( A), 

a $(q) 

with  the  equality  holding  if  the  transformation  is  reversible.  The  proof 
of  this  statement  may  be  seen  by  letting  R and  I denote  respectively  any 
reversible  and  any  irreversible  path  joining  A to  B,  as  shown  in  Figure  5. 


Figure  5 
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For  path  R the  assertion  holds  by  definition  of  S.  Now  consider  the  cyclic 
transforation  made  up  of  I plus  the  reverse  of  R.  From  Clausius'  theorem 


J d£ 

I 4*  " 


/£<  0 

D 9 ~ 


or 

/ S < / a 5 s(B)  . S(A). 

1*1* 

Another  result  of  the  dynamical  second  law  is  that  the  mechanical  entropy 
of  an  isolated  (dQ  = 0)  system  never  decreases.  This  can  be  seen  since  an 
isolated  system  cannot  exchange  energy  with  the  external  world  since  dQ  = 0 
for  any  transformation.  Then  by  the  previous  property  of  the  entropy, 

S(3)  - S( A)  > 0 

where  the  equality  holds  if  the  transformation  is  reversible. 

One  consequence  of  the  second  law  is  that  of  all  the  possible  trans- 
formations from  one  state  A to  another  state  B the  one  defined  as  the  change 
in  the  entropy  is  the  one  for  which  the  in^gral 


is  a maximum.  Thus 

S( 8)  - S( A)  = maximum  I = max  / 

A * dT 

where  t is  a parameter  which  indicates  position  along  the  path  from  A to  B, 
or 

S(B)-S(A)  =„**?(!!£ -££)<*; 

If 

U = li(t,q,q,  ^ ) 
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where  cr  = dq/dt,  then  the  change  in  the  entropy  is  given  by  the  integral 

AC  _ ? ,1  dU  F dqu 
A o d-  <?  d- 

• • 

The  q and  q which  maximize  AS  will  be  denoted  as  x and  x then,  with 

U = U (x,  x) 

Fj  = F.  (x,  x) 

£ = <>  (x) 

the  x and  x are  given  by  the  solution  of  the  system  of  equations 

d r 3G  \ j^G  _ 

dT  - ax  - 0 („.6) 

dt  3X  3X 


where 


r ,1,  r3U  r QXt  . ux  , •,  _ QX 

G = ^ % " Fi  d?]  a,'d  X " d7  °nri  X ‘ d7 


Thus  the  dynamical  second  law  provides  an  answer  to  the  question  that  is 
not  contained  within  the  scope  of  the  first  law:  In  what  direction  does  a 
process  take  place?  The  answer  is  that  a process  always  takes  place  in  such 
a direction  as  to  cause  an  increase  of  the  mecharical  entropy  in  the  universe. 
In  the  case  of  an  isolated  system,  it  is  the  entropy  of  the  system  that  tends 
to  increase.  To  find  out,  therefore,  the  equilibrium  state  of  an  isolated  one 
dimensional  system,  it  is  necessary  merely  to  express  the  entropy  as  a 
function  of  q and  q and  to  apply  the  usual  ru’es  of  calculus  to  render  the 
function  a maximum.  When  the  system  is  not  isolated  there  are  other  entropy 
changes  to  be  taken  into  account. 

5.  Third  Law 

The  dynamical  second  law  enables  the  mechanical  entropy  of  a 
system  to  be  defined  up  to  an  arbitrary  additive  constant.  The  definition 
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depends  on  the  existence  of  a reversible  transformation  connecting  an 
arbitrarily  chosen  reference  state  0 to  the  state  under  consideration. 

Such  a reversible  transformation  always  exists  if  both  0 and  A lie  on  one 
sheet  of  the  equation  of  the  state  surface.  If  two  different  systems  are 
considered  the  equation  of  the  state  surface  may  consist  of  several  disjoint 
sheets.  In  such  cases  the  kind  of  reversible  path  previously  mentioned 
may  not  exist.  Therefore  the  second  law  does  not  uniquely  determine  the 
difference  in  entropy  of  two  states  A and  B,  if  A defines  a state  of  one 
system  and  B the  state  of  another.  For  this  determination  a dynamical  third 
law  is  needed.  The  dynamical  third  law  nay  be  stated,  "The  mechanical 
entropy  of  a system  at  the  absolute  velocity  is  a universal  constant,  which 
nay  be  taken  to  be  zero."  In  the  case  of  a purely  thermodynamic  system  the 
absolute  quantity  is  the  absolute  zero  temperature,  while  for  a mechanical 
system  the  absolute  quantity  is  the  absolute  velocity. 

The  dynamical  third  law  implies  that  any  energy  capacity  of  a 
system  must  vanish  at  the  absolute  velocity.  To  see  this,  let  R be  any 
reversible  path  connecting  a state  of  the  system  at  the  absolute  velocity 

m * 

q„  to  the  state  A,  whose  entropy  is  to  be  found.  Let  C0(q)  be  the  energy 

0 K 

capacity  of  the  system  along  the  path  R.  Then,  by  the  second  law. 


S(A)  = I CR(q)  . 


But  according  to  the  third  law. 


S(A)  -v  0 


Hence  it  follows  that 
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Cr(q)  -*■  0 


H ^ Mq  * 

In  particular,  Cr  may  be  C„  or  Cp 

The  statement  of  the  third  law  above  reflects  the  restriction 
to  mechanical  work  terms.  A general  statement  of  the  third  law  which  is 
independent  of  the  number  or  type  of  variables  is  "The  generalized  entropy 
of  the  system,  when  the  integrating  factor  vanishes,  is  a universal 
constant,  which  may  be  taken  to  be  zero." 

B.  General  Maxwell  and  Energy  Relations 

In  thermodynamics  a discussion  of  equilibrium  and  stability 
conditions  is  best  done  if  the  enthalpy,  Helmholtz's,  ar.d  Gibb's  functions 
are  defined  first.  Therefore,  the  mechanical  analoques  of  these  functions 
are  defined  here. 

Each  branch  of  physics  such  as  thermodynamics  and  particle  dynamics 
has  its  own  list  of  developed  procedures.  If  both  branches  can  be  described 
by  the  same  basic  dynamic  laws  then  the  procedures  developed  in  thermo- 
dynamics may  prove  to  be  useful  in  particle  dynamics  and  vice-versa.  Once 
the  mechanical  enthalpy,  mechanical  Helmholtz's  and  mechanical  Gibbs’  functions 
are  defined  it  is  then  easy  to  write  down  the  resulting  mechanical  Maxwell 
and  mechanical  energy  capacity  relations. 

To  begin  the  development  of  the  Maxwell  relations,  the  mechanical 
entropy  was  defined  as 

ds.-S- 


■Mq) 


then,  since  dQ  = dU  - Fda, 
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where 


i 


is  ' 

i:  • 

!i 


dS  = ^-£dq, 

¥ V 


dU  = $(q)  dS  + Fdq. 
Define  the  mechanical  enthalpy  as 
H = U - Fq, 


then 


therefore 


dH  = $(q)  dS  - qdF, 


and 


/3H\  _ _ 
v3r^ ' -q* 


and 


(§>F  ’ *W  - -3F-S 

The  mechani cal  Helmholtz's  function  can  be  defined  as 

K = U - ?(q )S, 


dfC  = dU  - Sdq  - $(q)  dS, 


or,  vntn 


A»  / - do.  f 

y ~ do 


diC  = -Sc'(q)  dq  - Fdq, 


which  leads  to 


then 


(It)  =-Si'(q) 

dH  G 


and  (J§).  = ?(=)F. 
dM  q 


The  mechanical  Gibb's  function  may  be  defined  as 

G = H - $(q )S, 

dG  = - $‘(q)S  dq  +qdF, 


(H-7) 


(II-8) 


(H-9) 


(ii-io) 
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C.  Equilibrium  and  Stability  Conditions 

The  three  generalized  laws  have  been  formulated  and  a few  results 
of  these  laws  have  been  seen.  The  next  step  Is  to  derive  the  stability 
conditions  to  obtain  the  quadratic  forms  necessary  for  a metric.  In  the 
process  of  deriving  the  equilibrium  conditions  and  in  turn  the  stability 
conditions  other  state  functions  are  used.  These  functions  may  be  defined 
briefly  here  as: 

Mechanical  enthalpy  (H):  H = U - Fq 
Mechanical  Helmholtz  function  (K):  K = U - <j>(q)S»  and 
Mechanical  Gibbs  function  (G):  G s H - <|>(q )S 
The  derivation  of  the  equilibrium  and  stability  conditions  Is 
Identical  to  the  derivation  of  the  thermodynamic  equilibrium  and  stability 
conditions  with  the  variables  changed  to  represent  the  mechanical  variables 
q,  q,  S,  and  F Instead  of  the  thermodynamic  variable  T,  V,  S,  and  P. 

1.  Equilibrium  Conditions 

To  establish  the  criteria  for  equilibrium  consider  Clausius' 


theorem 


0, 


or 


f i X f 5 sw 


- S(A). 


For  & Q-conservatlve  system  dQ  ■ 0,  then 


Therefore  the  mechanical  entropy  tends  toward  a maximum  so  that  spontaneous 
changes  in  a Q-conservative  system  will  always  be  in  the  direction  of 
increasing  mechanical  entropy. 


Now  by  the  first  law 

aQ  = Ali  - FAq. 

Therefore 

cJiAS  >_  Ail  - FAq 

which  is  analogous  to  the  Clausius  inequality  in  thermodynamics. 

Now  consider  a virtual  displacement  (U,  q)  -*•  (U  + tfq,  q + 6q), 
which  implies  a variation  5->-S+«SS  away  from  equilibrium.  The  restoration  of 
equilibrium  from  the  varied  state  (U  + 6U,  q + 6q)  -*■  (U,  q)  will  then 
certainly  be  a spontaneous  process,  and  by  the  Clausius  inequality 

<i>(~6$)  > - (fill  - Ffiq). 

Hence,  for  variations  away  from  eqinooise,  the  general  inequality 

6(1  - F6q  - <j>SS  >0  (11-12) 

must  hold.  The  inequality  sign  is  reversed  from  the  sign  in  Clausius' 
inequality  because  hypothetical  variations  6 away  from  equilibrium  are 
considered  rather  than  Y'eal  changes  toward  equilibrium. 

In  a spontaneous  process, 

4>A S AQrev  = AU  + work  done  by  the  system. 

The  "work"  consists  of  two  parts.  One  part  is  the  work  done  by  the  negative 
of  the  force  F.  It  may  be  positive  or  negative  but  it  is  inevitable.  Only 
the  rest  is  free  energy,  which  is  available  for  some  useful  work.  This  latter 
part  may  be  written  as 

A = A(Vev  " AU  + 


The  maximum  of  A is 


Amax  = ~ AU  + (H-13) 


which  is  obtained  when  the  process  is  conducted  reversibly. 

The  least  work,  fiA^.  , required  for  a displacement  from 
equilibrium  must  be  exactly  equal  to  the  maximum  work  in  the  converse 
process  whereby  the  system  proceeds  spontaneously  from  the  "displaced" 
state  to  equilibrium  (otherwise  a perpetual  motion  machine  may  be  constructed). 
Corresponding  to  equation  (11-13)  then. 


6A  . = 611  - FSq  - *:$. 

min  -it 

The  equilibrium  criteria  may  then  be  expressed  as 

6A.  > 0* 

min  — 

In  words:  At  equilibrium  the  mechanical  free  energy  is  a minimum.  Any 
displacement  from  this  state  requires  work. 

2.  Stability  Conditions 

To  decide  whether  or  not  an  equilibrium  is  stable,  the  inequality 
sign  in  equation  (11-12)  must  be  ensured.  The  ctnditions  for  stability 
may  take  different  forms  depending  upon  which  variables  are  taken  as  the 
independent  variables. 

To  derive  the  stability  conditions  when  q and  S are  taken  as 
the  independent  variables  consider  the  terms  of  second  order  in  small 
displacement  beginning  with  the  general  condition 

6U  - FSq  - 4><5S  > 0. 

Choose  U = li(q,  S),  which,  because  of  the  identity 


1 I 


,c  _ dU  F . 

ds  ' T ‘ 7 dq 


or 


4>dS  = dll  - Fdq, 
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is  a natural  choice  of  the  independent  variables,  and  expand  SU  in  powers 
of  6q  and  6S 


SU  = <p6S  + F6q  + ^ (^  - 6q2  + 2 6q6S  + <$S2)  + terms  of  third  order 

(11-14) 

The  inequality  (11-12)  then  shows  that  in  (11-14) 

Second  order  terms  + third  order  terms  + ...>  0. 

Retaining  only  the  second  order  terms,  the  criterion  of  stability  is  that  a 
quadratic  differential  form  be  positive  definite*. 


3q 


r «Q2  + 2 6q5S  + |S-  6S2  > 0. 


3q3S 


3 S' 


(H-15) 


If  this  is  to  hold  true  for  arbitrary  variations  in  Sq  and  6.S,  the  coefficients 
must  satisfy  the  following: 


a2U  n.  3 2U  n.  32U  32U  / 32U  ,2  . n 
3q^>0’  3S7"  °’  83*  Iq*"  3q3S ' ” °‘ 


When  q and  q are  considered  to  be  the  independent  variables  a 
quadratic  form  in  6q  and  <5q  may  be  found  by  using 

K = U - 4>S 

so  that 

SK  = SU  - 4>5S  - Hq  S5'q  " Bq  6S6^ 

The  terms  <SS5q  cannot  be  neglected  because  in  Clausius'  inequality,  which  is 
the  actual  stability  condition,  the  variations  are  finite,  therefore,  from 
equation  (11-12)  the  following  is  obtained: 

SK  + 4>6S  + (S  + SS)  6q  - F6q  - <j>oS  > 0, 

SK  * cfq  Hij"  ^^*1  " > 

Expanding  is  powers  of  6q  and  <5q 
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tb 

[h  !- 

L . 


32K 


1 3 2K 


SK  = FS£I  - {Hf  S5q  + \ 0 Sq2  + Iqtq  Sq^  + k 0 Sq2  + 


5SSq  = ? W & * i (||  - F)  6q5^ 


But 


Therefore 


and 


dK  _ dU  36 p.  3 Li  _ dip  . 
3q  'Iq  ‘ ' dq  * 

3K  p 

3q 


32K  _ 3F  = _ 36  ,K  ,3 U_  _ 

3q3q  ~ 3^  " 3q  ^<J>  ^ '3q  '* 

3 2K  32 


8 K _ dd>  /l  \ dU 

W " " WS  ~ W V 3q 


then 


(^|)  6S6 q - - (|x|-s  + f^r)  (6o)2  - 6q5q  , 


and  the  quadratic  form  in  6q  and  6q  is 

I 0 (Sq)2  + 0q  5q£q  + I 0 (5q)2  - 0 (5q)2  - 0s  (5q)2  -0q  5q6q  =•  °- 


or 


0<5q)2-  <0+20*>  (£q)2>0. 


Since  (|^)«  = F then 


3 2K  _ 3Fx  # 

3cp"  " ^3q  q > 0. 


Other  quadratic  forms  may  be  derived  by  using  different  independent 
variables  however  these  two  quadratic  forms  will  suffice  for  this  development. 
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D.  Geometry  and  Field  Equations 

There  is  nothing  which  specifies  which  of  the  quadratic  forms  coming 
from  the  stability  conditions  should  be  adopted  as  the  metric.  Thus  the 
choice  may  be  made  based  upon  simplicity  and/or  applicability.  However, 
it  becomes  obvious  that  if  we  choose  one  of  the  forms  using  the  velocity 
as  our  metric  and  then  obtain  equations  of  motion  then  the  equations  of 
motion  will  become  third  order  differential  equations  since  the  velocity 
is  itself  first  order  and  the  equations  of  motion  are  second  order 
differential  equations. 

The  fact  that  these  equations  of  motion  will  become  third  order 
differential  equations  in  time  displays  a time  asymetry  which  appears  to 
correspond  to  nature.  However,  third  order  equations  are  difficult  or 
impossible  to  solve. 

1 . Geometry 

To  avoid  the  difficulty  of  third  order  equations  of  notion, 
suppose  we  adopt  the  quadratic  form  of  equation  (11-15)  as  the  metric  for  our 
system.  Thus  we  are  adopting  a manifold  with  coordinates  of  space-mechanical 


entropy. 


It  now  becomes  desirable  to  extend  our  system  beyond  the 


dimensionality  used  thus  far.  Such  an  extension  brings  up  a question 
concerning  the  integrating  factor.  With  one  work  term  the  differential 
of  the  entropy  was  written  as 

dS.?.  f(a)  da. 

<P 

Then,  if  for  each  work  term  the  exchange  of  energy  is  denoted  to  be  HQ., 

dQi 

dSi  = -*f  = fi  doi 
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where  there  is  no  summation  intended  for  f^do- . Since  each  dS^  is  a 
perfect  differential,  then  the  total  change  in  entropy  may  be  written  as 

dQ. 

d$  = E dS-  = E - = E f,-  da-, 

i 1 i i 1 1 

Thus  the  question  becomes  whether  or  not  there  exists  a single  integrating 
factor  <*>  such  that 


dS  = ^ = 
9 


dQ 

E—=ffi  d«i' 


i *1 


(11-16) 


The  importance  of  this  question  may  be  seen  in  terms  of  the  difficulty  that 
would  be  created  if  a universal  integrating  factor  could  not  be  found.  For 
then  each  additional  work  term  would  require  its  own  integrating  factor 
determined  individually.  Happily  the  proof  that  a universal  integrating 
factor  exists  has  already  been  completed  (see  reference  5 & 9)  showing  that 
an  overall  integrating  factor  exists  regardless  of  the  number  of  work  terms 
considered. 

Thus  assured  that  an  overall  integrating  factor  exists  then 
the  existence  of  an  overall  entropy  function  is  guaranteed  so  that 

ds  . S = 4“  . !l  dq1 

for  any  i and  the  quadratic  form  may  be  extended  to  include  three  spacial 
work  terms  and  thus  becomes 

0 (d3>2  + 2 'llq«  + <d«“>  > “-8  ’ ’•  2*  3- 

Adopting  this  quadratic  form  as  the  metric  of  a general  system  whose  thermo- 
dynamic variables  are  held  fixed  we  may  then  write  this  metric  as 


(ds)2  = h-j  dq1  dq^ ; (i,  j = 0,  1,  2,  3) 


(11-17) 
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where  the  sunsnation  convention  is  used  and 


u _ 32U 

n • * s - * * 

1J  aq1  3qJ 

with  q°  = S/Fo,  the  scaled  mechanical  entropy  for  dimensional  correctness. 

Thus  the  stability  conditions  preside  a metric  in  the  four- 
dimensional manifold  of  space-mechanical  entropy.  However  the  existing 
relativistic  theories  are  theories  in  a space-time  manifold.  Therefore, 
if  these  theories  are  to  be  contained  within  the  dynamic  theory  then  the 
space-time  manifold  must  be  fo;<nd  within  the  dynamic  theory. 

The  arc  length  4 in  the  space-mechanical  entropy  manifold  may 
be  parameterized  by  chosing 

da  = qQ  dt  = cdt 

where  qQ  = c is  the  unique  velocity  appearing  in  the  integrating  factor  of 
the  second  postulate.  The  metric  may  now  be  written  as 


c2(dt)2  = h.j  dqV;  (i,  j = 0,  1,  2,  3)  (11-18) 

Now  suppose  the  systems  considered  are  restricted  to  only 
Q-conservative  systems.  Then  the  principle  of  increasing  mechanical  entropy 
may  be  imposed  in  the  form  of  the  variational  principle 


5 f W = 0. 

In  order  to  use  this  variational  princple  equation  (11-18)  may 
be  expanded,  solved  for  (dq°)  and  squared  to  arrive  at  the  quadratic  form 

(dq0)2  = (~)  {c2(dt)2  + 2hoa  A dt  dqa  - hcx5dqadqS)  (11-19) 
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where 


. hOy 
a = r — 

OO 


/ci.  + top 

hoo  hoo  hoo 


with  qY  = dqY/dt. 

By  defining  x°  = ct,  xa  = qa;  a = 1,  2,  3 then  equation  (11-19)  may  be 


written  as 


(dq0)2  = (1)  §--  dx1  dxj;  (i,  j = 0,  1,  2,  3) 


(11-20) 


where  f h h0Q.  This  metric  obviously  reduces,  in  he  Euclidean  limit  of 
constant  coefficients,  to  the  metric  of  Minkowski's  space-time  manifold  of 
special  relativity. 

In  his  General  Theory  of  Relativity,  Einstein  assumed  the  space-time 
manifold  to  be  Reiemannian.  However,  this  assunpt .on  involves  the  a priori 
assumption  that  the  scalar  product  be  invariant.  This  assumption  was  later 
questioned  by  Weyl  in  his  generalization  of  geometry.  From  the  viewpoint 
that  the  adopted  postulates  should  contain  the  other  theories  it  then  becomes 
desirable  to  determine  whether  or  not  these  postulates  specify  the  geometry 
of  the  (dq0)2  space-time  manifold.  More  particularly  do  the  adopted  postulates 
lead  to  a geometry  which  includes  the  geometry  of  current  theories?  To 
arrive  at  a more  general  geometry  would  not  be  a limitation  for  it  would 
certainly  include  the  others. 


Recalling  equation  (11-20)  we  can  define 

(dq0)2  = (j)  dx1  dxJ  a (1)  (da)2  e g^.  dx1  dxJ 


(H-21) 


Now  the  second  postulate  guarantees  the  existence  of  the  function  mechanical 


entropy  and  that  dq  be  a perfect  differential,  therefore 

dq°  = q°.jdx^ 


(11-22) 
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where  q°.  a 3q°/3x\  Then  the  exactness  of  dq°  is  stated  by 

= 0. 


q0. 


i/0 


0/i 


(11-23) 


'y  defining  the  parallel  displacement  of  a vector  to  be 

(11-24) 

and  using  equations  (11-22)  and  (11-23)  it  may  be  seen  that  the  connections 


*1  ■ r is 


must  be  symmetrical,  or 


A v ^ V 

r = r 
1 ik  1 ki  • 


(11-25) 


This  result  should  not  be  taken  to  mean  that  only  symmetric  connections 
need  to  be  considered.  Rather  it  means  that  given  the  a - ^ 1 s which  maximizes 
(dq0)2  = Cp\)~  then  the  connections  are  symmetrical.  However,  since  a 

V 

variational  principle  must  be  used  to  determine  the  g.. 's  then  both  symmetric 

* J 

and  anti -symmetric  connections  will  have  to  be  considered. 

In  Weyl's  generalization  of  geometry  he  found  it  necessary  to  assume 
the  symmetry  of  the  connections.  He  proved  a theorem  showing  that  the 
symmetry  of  the  connections  guaranteed  the  existence  of  a local  Euclidean 


limiting  manifold  and  used  this  theorem  in  support  of  the  symmetry  assumption. 
Here  we  find  that  the  second  law  requires  that  the  connections  formed  by 
the  solution  coefficients  must  be  symmetrical  thus  guaranteeing,  through 
Weyl's  theorem,  the  existence  of  a local  Euclidean  geometry  within  the 
Dynamic  Theory. 

Suppose  now  we  consider  whether  the  order  of  differentiating  the  change 
in  entropy  makes  any  difference.  This  means  that  we  must  use  symmetric 
connections  since  the  actual  change  in  entropy  will  be  determined  by  the 
metric  coefficients  which  generates  a maximum.  Therefore,  consider  the 
difference 
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i(dqo)25i!ida!)i.i!ld^i. 


3X  3X  3X  3X 


Since  (dq0)2  = q°-  q°.  dx1dxJ  from  equation  (11-22),  using  equation  (11-21) 

• J 

we  find 


Then 


oc 

q i 1 } = 9ij' 


^ V>°1  ♦ '°i  tk  qV + <qV: 


Thus 


Cq°j|k|£  q°i  + q°j|k  q°i|«.  + q°i |kU  q°j 

♦ q°i ! k qV^  + 2q°k|k  q°;  + 2q°k|k  qV 


Likewise 


:;:y = q°i + q°^  q°^ + q°i  uik  q°j + q°iu  q0jih]dx,dxj 


.0  0 , o-O 


+ 2q  k|k q k + 2q  Mk  qv 

Therefore  the  difference  must  be 


Mdq“)2  - ltfmt  - q“jlltlk)q-'i  ♦ (q“l|k|t  - dxW. 

Using  the  definition  equation  (11-24)  we  see  that 


and 


also 


, o - r ,<5  0 
dq  • = r • dx  q 
4 i u 4 r 


o _ o ; r 
q ilk  q r r ik 


o _ o ; r 
q kli  ~ q r r ki  * 
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1 il 


Now 


o _ 3 r o ; r n o j r , j 

q i j k J jl  & r r ik-^  " "1  rji,  r ik  ' q 
3X 


- r 
3F 

o ik 


3x 


~ r 

_ o ? 6 ; r . o 3r  ik 
q & r r.a  r ik  q r s, 

oX 


9F  r. 

= q°  {?  r ? * + — **}. 

q r 1 1£  ik  3xo 


Similarly 


Therefore 


„0  _ _0  rZ  r - 6 , il, 

q iUik  ' q r {l  4k  - in  k I- 


q°j(q°i|k|«  - q“iU|k)  * q“i  qUr  5 


~ r - r 

- „o  „o  f01  ik  31  i£  , - r - a 


3x 


3x 


JJL  + rl  r * - r **  r^} 

k * ££  * ik  * 6k  ' 1 £ ’ 


Then  defininu  the  vector  curvature  as 


d r 

K i£k  “ . i . i 

3x  3x 

the  difference  mav  be  written  as 


3^  ik  _ 3^  it  ; r ~ & _-r 

n I.  * # * * 41#  * 1 1/  * if 


42,  ik  * 4k  * i£ 


= <,«,  q°r  * q°r  ft  JIk>  dx1  dx^ 

However,  recall  that  q°.  q0^  = g then 

* 0 


4(dq°)2  = tgjr  R ^ + gir  R r } dx1  dxJ. 


But 


so  that 


a v* 
n * 


Sri  = 3ir  and  Riju  = Sir  R , 


d(dq°)  = {Riuk  + R^}  dx 


jks. 


1 dxJ 


(11-26) 
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wans 


or  the  difference  will  vanish  if 

Rjitk  “ “ Rij£k 

Now  since 

(dq0)2  = q°-  q°-  dx1  dxj  = i . dx1  dxj 

* J ' J 

differentiation  will  result  in 

d(dq0)2  = d(qC-  q0^  dx1  dx**)  = d(g.^  dx‘  dxJ) 
or 

dq°-  q°^  dx^  dx^  + q°.  dq°.  dx^  dx*2  + q°-  q°-  d{dx^  dx^) 
■=  dg..  dx^  dx^  + g--  d{dx^  -dx^} 

* J * J 

which  can  be  written  as 

dxA  q°r  dx1  dx*3  + q°-  q°-  d(dx‘  dx 
dxJ  g - - didx1  dx^). 

* v 


f u dxi  q°r  1°j  d<1  ^ + *»°i  f Is 


= ax 


But 


00 
9ij  = q i q J 


Therefore 


r r dx^  g - 
u yrj 


9ir 


or 


3a.  - 

a . f r +5 . ? r = -ill 

yro  * ia  yn  ja  3xa 


+ r 


j « 


ija 


3X1 


Now  interchange  jia  to  aij  to  get 


*9,-, 


aij  jai 


3X 


(II-2/) 


{11-23} 


51 


Ilf  NIK  'i'  iWWttliH  ilHinmiitui  M'li'i'IIIW'inqt  it*mi  (in'  i 


then 


or  since 


then 


d£J  = 

f ru  dx"  g 

A 

9ij 

= 1 and 

* i i 

, A A l< 

° g J 

<rki*  < - 

- gij 

,.f  >?k 

' ritcj 

= _rJ 
rki 

dx4  ik. 

ag 


JJ-  dx" 


ax 


ax 


r • . r . . 

jii  ija 


dx 


Thus  the  change  in  the  covariant  and  the  contravariant  vectors  is  given  by 


and 


A A Y*  A A 

dH  s r U dx  Cr 


iV  - - dx4  lr 


Now  consider  the  change  in  the  scalar  product  z^  n1 . Then 


d<«i 

Ai  \ _ 
n ) - 

jC  •' i , c ,*i 
d£j  n + ^ dn 

= 

?U  11x4  £r  + 5,  <-fl 

j & Af\ 

dx  n ) 

<1(5, 

■'i  \ _ 
n ) - 

d*4  V 51  - fr,  d*4 

: ->r 
t-i  n • 

Renaming  the  indices  in  the 

second 

term  yields 

d(li 

n ) - 

i A V*  A A 1 A Y'  A A 1 1 

^rii  ^r  n “ riA  ^r  n ^ 

dx". 

Thus  the  geometry  of  the  (dq°) 2 manifold  is  Riesmannian. 

The  next  question  is  what  is  the  geometry  of  the  (da)2  space?  Equation 
(11-21)  shows  that  we  may  write  (da)2  - f(dq0)2,  which  is  reminiscent  of  Weyl's 


generalized  geometry.  Further  we  have 

8lj  " f »1J- 

Then  In  the  sigma  space  an  arbitrary  vector  e1  would  have  a length  i given 
by  the  self-scalar  product 

s II  e II2  ■ eV  ■ f eV  ■ f £2  (n-31) 

where  £ Is  the  length  of  the  vector  In  the  entropy  space. 

If  we  differentiate  equation  (11-31)  we  have 


li  d £ ■ £2  dx1  + 2f  £ d £. 

3x 

However  In  the  entropy  space  the  length  of  the  vector  £ Is  unchanged  under 
parallel  displacement  so  that 

d|  « 1 ify  dx1  4 - i ^ dx1  £.  (11-32) 

3x  T c ax 


Comparing  equation  (11-32)  with  the  definition  of  the  parallel  displace- 
ment of  a vector,  equation  (11-24),  we  find  that  s 1 plays  a role 

3X 

similar  to  that  of  the  connections  In  the  definition  of  parallel  displace- 
ment of  a vector.  Therefore  we  shall  define  the  change  In  the  length  of  a 
vector  under  displacement  to  be 

d£  ■ (^  dx1)  £.  (11-33) 

This  Is  the  same  definition  Weyl  made  In  his  generalization  of  geometry 
however,  there  Is  a difference  In  the  way  It  was  obtained.  Weyl  chose  this 
definition  In  analogy  with  the  connections  r and  the  definition  then  led  the 
second  more  general  metric.  In  this  theory  the  fundamental  laws  lead  us  to 
two  metrics  and  equation  (11-32)  for  the  change  in  the  length  of  a vector 


':*w  •- 
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under  displacement.  Thus  within  the  Dynamic  Tneory  equation  (11-32)  is  a 
derived  equation  and  equation  (11-33)  only  renames  the  logrithmic  derivative. 

Using  equation  (11-33)  we  may  obtain,  in  general, 

d£2  = ?.£2  Ui  dx1 ) = d(gi j cV) 

= g -j J | k dxk  + q..  rjk  sV  dxk  + g^  rjk  sV  dxk 

Renaming  the  various  symmation  indices,  rearranging  terms,  and  using  the 
length  of  a vector,  we  obtain 


Cg^-i 


k. 


3ij|k  + s£j  rik  + gi£  r*k]  cV  dxk  = 2q..  $k  eV  dx 

i k 

Since  this  must  hold  for  arbitrary  choice  of  5 and  dx  , we  conclude  that 


^9ij|k  ” 2gij  ^k)  + 9jij  rik  + 9£i  rjk  ~ °* 

This  is  the  same  system  of  linear  equations  for  the  connections  rjk  as 
equation  (11-27)  only  the  inhomogeneous  term  g.jjk  has  now  to  be  replaced  by 


9i j i k ' “sij  vk 


2g,T  ^ • Therefore  the  same  linear  algebra  as  before  leads  to 

4 = ' ljV  + ^ •♦k  + 9nk  t>  " 9jk  **1  !lI-34> 

where  is  the  usual  Christoffel  symbol  of  the  second  kind. 

Now,  since  the  entropy  space  is  Riemannian,  then  in  the  entropy  space 
we  have 


(j)i  = 0 


p = . / i \ 
rjk  cjk* 


and  the  length  £ of  a vector  is  unchanged  under  parallel  displacement.  However, 

£ 

the  same  displacement  law  in  the  sigma  space,  with  metric  g^j,  leads  to  the 
relation 
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(11-35) 


d£  = ± d / g^.  cV  = ± d ✓ f g.j  ?V 


= ± £ dxk 

3XK 


, 1 3£nf  j k j 

* * 2—rdx  *■■ 

3X 


1 3£nf 


Thus  ± 2 — j^- plays  the  role  of  ^ in  equation  (11-33).  It  follows  then  that 


3X 


the  ordinary  connections  -{^1  constructed  from  are  equal  to  the  more 

/S  T A 

general  connections  r.^  constructed  according  to  equation  (11-34)  from  g 

.nA  , _ 1 3£nf. 

and  *k  “ 2 . k ' 

3X 


U 


*7  -7 

r3k  = Fjk 


(11-36) 

as  can  also  be  seen  by  direct  computation  from  equation  (11-33)  and 

Sij  ■ f ill-  <n-3?) 

^ A 

We  may  interpret  the  change  of  metric  from  g..  to  g..  by  equation  (11-37) 

* J ' J 

as  a change  of  scale  for  the  length  at  every  point  of  the  Riemannian  manifold- 
by  the  variable  gauge  factor  f.  This  transformation  is  called  a gauge 
transformation,  and  4>k  is  called  a gauge  vector  field. 

The  generalized  geometry  thus  separates  the  problem  of  measurement  of 
angles  from  that  of  measurement  of  length.  For  instance,  the  angle  between 
the  two  vectors  c1  and  n1  at  a given  point  of  the  space  is  measured  by  the 
rati  o 
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Sj.i 


! ’n1 1 r t„  c^dur,  .J_0' 


CCg^j  ? r)(g1a-  nVm 


This  ratio  does  not  change  under  the  gauge  transformation  (11-37).  The 
gauge  transformation  is  therefore  an  angle-preserving,  or  conformal,  change 
of  metric.  On  the  other  hand,  the  length  of  vectors  will  change  under 
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(11-37)  according  to  (11-31).  Thus  the  metric  tensor  g..  determines  angles, 

* J 

while  one  needs  also  the  gauge  vector  ^ to  measure  length. 

Considering  the  sigma  space,  which  is  characterized  by  the  tensor  field 

A,  A 

g. . and  gauge  vector  <j>. . The  same  argument  as  before  shows  that  we  may 

* J * 

replace  the  geometric  quantities  by  use  of  a scalar  field  f as  follows: 


3 _ £ ! - _ . . 1 3£nf 

9ij  ' f 9ij  ^ = *k  + 2 ““T_ 


3X 


-i 

Fjk  = rjk 


(11-38) 


without  changing  the  intrinsic  geometric  properties  of  vector  fields.  That 
is,  in  the  new  metric,  vectors  will  have  the  same  law  of  affine  transplantation 
and  the  angle  between  different  vectors  at  the  same  point  of  the  manifold 
will  be  preserved,  but  the  local  lengths  of  a vector  will  be  changed  according  to 


P = f £2. 


Thus  the  general  Weyl  geometry,  of  the  sigma  space,  admits  also  a conformal 
gauge  transformation. 

2.  Field  Equations 

Then  with  the  foregoing  it  is  apparent  that  the  sigma  manifold 
must  have  the  more  general  Weyl  geometry  and  given  the  vector  field  <j>^  in 
equation  (11-38)  we  can  follow  Weyl's  interpretations  and  study  the  tensor  field 

Fij  E *i|j  " *j|i  • (II-39) 

Weyl  showed  that  from  a study  of  this  tensor  field  we  are  led  to  the  variational 
principle 

5/[R  + }AFi3  Fij  - X(|-  - 6 $’)]  d1*  x = 0 (11-40) 

where  <j>.  a and  F-j  = /T  F^. 
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From  this  variational  principle  Weyl  showed  that  Einstein's 
General  Relativistic  Theory  and  Maxwell's  Electromagnetism  may  be  obtained. 

The  only  remaining  question  here  is  whether  the  vector  field  4^,  which 
gives  rise  to  the  non-vanishing  tensor  field  F.j,  is  required  by  the  three 
fundamental  laws  adopted  by  the  Dynamic  Theory  or  must  be  assumed  to  exist 
as  Weyl  did. 

If  we  recall  the  statement  of  the  first  law 
dQ  = dU  - Fa  dq° 

we  find  that  even  for  an  isolated  system  there  exists  the  vector  field  F . 
Indeed*  in  section  II-C-1  it  was  shown  that  this  vector  field  is  inevitable. 
Further  recall  that  the  geometry  given  by  the  stability  conditions  is  based 
upon  the  second  partial  derivatives  of  the  system's  energy  function,  U, 
and  does  not  include  the  forces  Fa.  It  seems  only  logical  to  suspect  that, 
there  exists  a link  between  the  vector  field  <*>•  and  the  forces  Fa.  especially 
since  the  work  terms  are  path  dependent  and  the  non-vanishing  of  the  curl 
components  of  is  equivalent  to  the  statement  that  the  potential  function 
4>  is  path  dependent. 

The  connection  between  the  potential  vector  field  ^ and  the 
forces  Fa  comes  from  Maxwell's  electromagnetic  theory  where  the  forces  Fa 
are  the  Lorentz  forces  made  up  of  the  components  However,  we  shall  not 
show  the  connection  here  since  any  text  on  Weyl's  theory,  or  electromagnetism, 
displays  the  connection.  We  shall,  however,  present  it  during  the  development 
of  the  more  gtr^ral  five-dimensional  system.  For  the  present  though,  if  we 
adopt  Weyl's  interpretation  plus  taking  the  forces  Fa  to  be  the  forces 
resulting  from  the  we  then  may  see  that  the  Dynamic  Theory  leads  us,  through 
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Weyl's  unified  theory,  to  Einstein's  General  Relativistic  and  Maxwell's 
Electromagnetic  theories  and  further,  as  special  cases,  the  Special 
Relativistic  Theory  and  Newtonian  mechanics 
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E.  MECHANICAL  SYSTEMS  NEAR  EQUILIBRIUM 

We  have  shown  how,  for  ?r,  isolated  system  subjected  to  only  three 
spacial  forces,  the  Dynamic  Theory  includes  Einstein's  relativistic  and 
Maxwell's  electromagnetic  theories.  However  the  approach  has  been  ab- 
stract and  does  not  readily  display  the  effect  of  the  new  point  of  view 
upon  the  classical  physical  concepts.  It  then  seems  beneficial  to  pause 
in  the  development  and  take  a different  look  at  what  the  Dynamic  Theory 
says  about  mechanics. 

1.  Classical  Mechanics 

Classical  mechanics  describes  the  motion  of  a system,  which 
could  be  a particle,  for  which  the  energy  of  the  system  is  a constant. 

The  equations  of  motion  may  be  obtained  using  Hamilton's  principle. 

These  equations  of  motion  yield  trajectories  resulting  from  the  action 
of  forces;  they  may  also  be  obtained  from  the  principle  of  least  action. 
When  the  action  integral  is  treated  as  a variational  problem  with  variable 
end  points  the  method  of  Lagrangian  multipliers  yields  the  same  equations 
as  does  Hamilton's  principle.  However,  if  the  variational  problem  is 
transformed  to  a new  space  in  which  the  new  variational  problem  has  fixed 
end  points,  then  the  metric  for  this  space  is  displayed,  and  the  equa- 
tions of  motion  are  goedesics  in  this  space. 

In  classical  mechanics  the  principle  of  least  action  as  formu- 


lated by  Lagrange  has  the  integral  form 

Pc 


A = f 
pi 


mv  • ds  . 


(11-41) 
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T 


In  curvilinear  coordinates  the  integral  assumes  the  form 


z dxa  ft 

A = p 1 mgafi  W dx  = 
H1 

where  a, 6 = 1,  2,  3, 
or  defining 


t(Pi) 


,t(p2^  dxa  dx6  . 
f mgaB  W W dt 


T _ m dxa  dxg 
= 7 9a0  dt  HT" 

the  integral  becomes 

t(p2) 

A = / 2Tdt  . 

t(p-j) 

Then  the  principle  of  least  action  may  be  stated  as: 

Of  all  curves  C*  passing  through  P-j  and  P in  the  neighborhood  of  the 
trajectory  C,  which  are  traversed  at  a rate  such  that,  for  each  C' , 
for  every  value  of  t,  T + V = F,  that  one  for  which  the  action  in- 
tegral A is  stationary  is  the  trajectory  of  the  particle. 


The  transformation  of  variables  may  be  carried  tut  to  display  the 


metric 


where 


(ds)2  = hagdxadxs 


h = 2m(e  -V)g  a 
a3  ' o 


(11-42) 


Here  different  particles  in  the  same  field  and  with  different  energies 
eQ  would  appear  to  have  different  geometries  which  has  been  previously 
taken  to  be  impossible  and  therefore  precluded  the  geometrization  of  dy- 
namics (see  page  6 of  reference  1).  However,  in  view  of  WeyVs  generaliza- 
tion of  geometry,  treating  the  variational  problem  in  the  principle  of 
least  action  as  transformed  to  a new  space  in  which  the  variational  problem 
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has  fixed  end  points,  in  effect,  is  a transformation  into  a space  with 
Weyl  geometry  where  the  gauge  function  is  2m(eo-v)gaB.  Thus  changing 
the  energies  eQ  does  not  change  the  geometry  since  it  will  still  be  a 
Weyl  space. 

Suppose  now  that  the  concepts  of  classical  mechanics  is  compared 
with  the  concepts  from  the  point  of  view  of  the  Dynamic  Theory.  The 
energy  ot  the  system  in  classical  mechanics  is  a constant  of  the  motion 
and  therefore  the  change  in  kinetic  energy  is  the  negative  of  the  change 
in  potential  energy,  which  may  be  written  as 
dH  = dT  + dV  = 0 . 

However,  for  classically,  conservative  forces  dH  is  a perfect  differential. 
Therefore  for  this  system  with  only  one  work  term  the  force  is  a function 
of  position  cnly. 

This  suggests  the  association  of  the  classical  energy  of  the  system, 

H,  with  the  system  energy,  U,  which  is  also  a perfect  differential.  Now 
if  the  system  is  isolated,  or  Q-conse-rvative,  then 
0 = BO  = dU  - Fdq. 

But  if  du  = dH  = 0 then  F must  be  zero.  This  points  out  an  important  dif- 
ference between  classical  physics  and  the  Dynamic  Theory.  A classically 
conservative  system  is  one  for  which  the  systems  energy  is  a constant  of 
the  motion.  However  the  Q-consorvative  system,  within  the  Dynamic  Theory, 
is  one  for  which  Bq  = 0.  Thus  a Q-conservative  system  which  is  also  con- 
servative in  the  classical  sense  must  have  no  forces  F which  may  depend 
upon  velocity  as  well  as  position  but  may  have  forces  which  arise  from 
- = F and  must  be  functions  of  positions  only. 
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2.  Relativistic  Mechanics 

Suppose  we  now  turn  our  attention  to  the  mechanics  of  special 
relativity*  In  the  special  theory  of  relativity  Einstein  sought  to  put 
Newtonian  mechanics  into  a form  which  would  leave  the  speed  of  light 
invariant.  The  resulting  dynamics  exhibits  the  notion  of  a unique 
velocity  in  a similar  sense  to  the  previously  defined  absolute  velocity. 
The  modification  required  the  motion  to  be  such  that 

j1  (WgS  ...  + FSq)  dt  = 0, 
tl  >/l -q2/ c2 


where  F is  a force  which  is  a function  of  position  only. 

The  factor/  1 - q2/c2  displays  the  qualities  required  of  the 
integrating  factor  4>(q) . Therefore  consider  a modification  of  Hamilton's 
principle  in  terms  of  the  system  energy  li,  the  force  F and  the  integrating 
factor  e.  The  modified  statement  then  would  be  that  the  motion  be  such 
that  t 

/ (M  + |6q)  dt  = 0. 
tl 

It  can  be  seen  that  if  <j>(q)  = 1 then  F must  be  a function  only  of  q and 
classical  mechanics  results.  It  will  be  shown  that  if  <J>(q)  = / 1 - q2/c2 
relativistic  mechanics  is  obtained. 

Now  for  an  isentropic  system 


or 


dU 

6 


» 
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This  would  be  the  classical  work-energy  theorem  if  6 = 1.  For  any  $ 


) 


If  the  system  energy  U is  taken  to  be  the  kinetic  energy  and 
defined  as 

U = |-  mq2  , (11-43) 

c_ 

then 

mq  = F, 

or  Newton :s  second  law. 

This  tends  to  indicate  that  a modification  of  Hamilton's  principle 

would  apply  to  a system  for  which  dS  = 0.  This  modification  would  be  to 

assume  that  for  an  isentropic  system  the  motion  is  given  by  the  principle: 

If  a particle  is  at  the  point  P-j  at  the  time  t-|  and  at  the 

point  at  the  time  t2  then  the  motion  of  the  particle 

takes  place  in  such  a way  that 

tg  t^ 

/ (— - + 6q)  dt  = 6 / L dt  = 0, 

t-,  6(q)  <&(q)  t-, 

where  q = q(t)  is  the  generalized  coordinate  of  the  particle 
along  the  trajectory  and  q + 6q  is  the  coordinate  along  a 
varied  path  beginning  at  P-,  at  the  time  t-j  and  ending  at  P2 
at  time  tg. 

The  hypothesis  of  the  fundamental  lemma  of  calculus  of  variations 
is  that  L be  a real  continuous  function,  therefore,  the  mixed  second 

partial  derivatives  of  L must  be  equal,  or 

2 2 
3 l = 3 L 

3q3q  3q3q 
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r as* 


so  that 


di  - -T-  4 “5  + -T-  l|?+Fi<sq. 
4<q)  3q  *(q)  °q 


and 

.>•  V -v* 

aq  oq 


II  = 1 ril  + p 
3q  $ l3q 


32L  _ 1 3ZU  _ 1 ,32U  , 3F,  S‘r3U  . „ 

— T “ x — r - o (“r—  + — ) " ^37  + H • 

3q3q  9 3q3Q  ' 3q3q  3q  $ 

This  requires  that 

If.  = 41  (11  + f) 

However,  dS  is  a perfect  differential  so  that 
32S  _ 32S 


Since 


3q3q  3q3q 


<K  = r^<lq  + r(l-  n dq 


(11-44) 


? 9 

1 30  _ 1 /3 


- 1 /3JL  _ If ^ v-‘  (2H  _ r'i 

a * . a ' 3q  r** 

V irtin  in  ▼ “ 


A • A • * 

9 SqSq  Y Sqsq  sq 


4 * - 4 (H  - F)  • 

30  * °q 


(11-45) 


In  order  that  dS  and  dl  both  be  perfect  differentials  at  the  ss 


tine  then 


A ^ * Till  \ A * /ell  w-  \ 

— = - *r  S - F)  = (4£  * F). 

3q  f °q  ? ^ 


Therefore 


ifc 


r i 


and 


dl  = p dq  + F(q)  dq. 

The  equations  of  motion  would  be 


U r9i-.  Ok  _ n 

7TF  L— 3 - — ~ 0, 
3q 


9 L _ 
Dq 


(11-49) 


or 


H-|t.  F(q). 


9q 


If  m - constant  then  p = mq/(j>  and 
dt  = !H  dq  + F(q)  dq 

<j> 


while 


dS  = ^ dq  - F(q)  dq. 

Then  fc  ■ dS  = 0 

S = t(q)  + l;(q) ; L = t(q)  - l/(q) 


where 


w ■ - ^ • 


How  then  may  4>(q)  be  determined?  The  precedence  set  by  thermodynamics 
is  to  determine  <j>(q)  experimentally.  Experiments  with  a charged  particle  in 
a magnetic  field,  such  as  a mass  spectrometer,  show  that 


<j>(q)  = J 1 - q2/c2  . (11-50) 

In  special  relativity  this  •''actor  comes  from  the  metric  of  Minkowski's 
space-time  manifold.  The  Dynamic  Theory  gives  us  the  same  factor  for 
systems  which  are  very  near  an  equilibrium  state  since  for  such  a system 
the  coefficients  of  the  metric  become  constants,  which  are  the  second 
partial  derivatives  of  the  system  energy  function  evaluated  at  the  equili- 
brium state.  Therefore  The  Dynamic  Theory  produces  Einstein's  Special 
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Theory  of  Relativity  for  an  isolated  system  very  near  an  equilibrium 
state. 

Notice  that  the  integrating  factor  in  equation  (11-46)  satisfies 
the  requirements  for  the  integrating  factor  with  c as  the  absolute 
velocity. 

If  this  Integrating  factor  is  substituted  into  the  equations  of 
motion  the  resulting  equations  are 


[ y1 = F(q)  » 


q /c 


then 


dl  = 


mqdq 


L(q,q)  - L(q0»q0)  = . / 


+ F(q)  dq. 


jmdq 


o 7 1 - t)2/c2  % 


+ / F(q)  dq 


= me2  yirw 


- v(q)  + V(q0) 


If  L(q0,qQ)  = L(0,»)  = 0,  then 

L(q»q)  = mc2[l  1 - q^/c2  ] - V(q)  . 


(H-51) 


With  the  exception  of  the  additive  term  me'1  this  is  the  form  of  the 
relativistic  lagrangian  when  m is  interpreted  as  the  rest  mass,  and 
since  additive  constants  in  the  Lagrangian  do  not  affect  the  equations 
of  motion,  this  Lagrangian  yields  equations  of  motion  consistent  with 
the  special  theory  of  relativity. 


The  first  integral  of  the  equations  of  motion  may  be  written  as 

^ U - q % = ^ [t  - qp!  = 0, 
aq 

therefore 

L - qp  * constant. 

Then  define  this  constant  of  the  motion,  which  may  be  called  a "Hamiltonian", 
by 

U = qp  - L (11-52) 

Since  the  Lagrangian  is  given  by 

L = /pdq  - l/(q), 
the  Hamiltonian  becomes 

H = qp  - /pdq  + t/(q)  = /qdp  + t/(q). 

Then  the  Hamiltonian  equations  of  motion  may  be  written  as 


f--F(q)*-^  f=q.  01-53) 

For  the  particular  Lagrangian 

L = me2  [1  - y/  1 - q*7c2 ) - V(q)  , 
the  Hamiltonian  is 

H = - - mc2[l  - J 1 - q2/c2]  + V(q) 

\/  1 - q2/c2 

= mc2( - 1)  + l/(q) 

/ 1 - q2/c2 


H = me2  (y  - 1)  + t/(q)  (11-54) 
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where 


= 1 
"'V  1 -qV 

a.  9 

Then  defining  E(q)  - Eq  = mew  - 1)  implies  that 

E2  = Eq2  + (pc)2.  (11-55) 

In  the  special  theory  of  relativity  the  Hamiltonian,  which  is  inter- 
preted as  the  energy  of  the  system  when  m is  the  rest  mass  and  c is  the 
speed  of  light,  has  the  same  form  as  equation  (11-54).  However,  in  the 

Dynamic  Theory  the  Hamiltonian  is  not  the  energy  of  the  system  since  it  is 

• 9 Ml 

the  system  energy  U and  is  here  given  by  U = *gmcf  since  •—  was  taken  to 

c)q 

be  zero. 

Thus  inter-relationship  between  mechanical  concepts  of  classical 
mechanics,  relativistic  mechanics,  and  the  Dynamic  Theory  may  be  displayed. 
This  approach  does  not  show  the  rigorous  development  which  could  have  been 
achieved  by  beginning  with  the  metric,  restricting  the  system  to  be  very 
near  an  equilibrium  state  in  order  to  obtain  constant  coefficients  then 
applying  the  principle  of  increasing  mechanical  entropy.  Such  a procedure 
only  duplicates  Einstein's  development  of  the  special  theory  from  Minkowskis 
space-time  continuum  and  is  also  presented  in  a generalized  version  later 
in  this  report.  Therefore  the  rigorous  development  will  r.ot  be  attempted 
here. 

Suppose  we  now  return  to  the  question  of  whether  the  force  is  really 

a function  of  position  only  or  is  also  a function  of  velocity  as  taken  to 

be  the  case  in  the  introduction.  To  view  this  consider  the  differential 

expression  of  the  first  law 
dQ  = dU  - Fdq 
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but  U = %nq2  and  F = <}>F(q)  = / 1 - q2/c2  F(q)  so  that 


dQ  = mqdq  - A - q2/c2  F(q)  dq 

If  the  first  law  is  taken  to  be  the  "real"  expression  of  conservation 
of  energy,  as  is  the  case  in  the  Dynamic  Theory,  then  the  "real  force", 

F,  displays  the  velocity  dependence  believed  to  be  the  case.  On  the  other 
hand  the  mass  appearing  in  the  first  law  is  the  "rest"  mass  and  does  not 
depend  upon  the  velocity.  However  the  first  law  is  a path  dependent 
function  and  as  such  may  not  be  integrated  until  the  path  is  known  there- 
fore its  utility  is  limited. 

The  second  law  provides  a path  independent  function  whose  differential 
is  given  by 

jq  _ dU  F . 
dS  - — - - dq 


or,  since 


U = %nq2,  F = / 1 - q2/c2  F(q),  and  4>  = / 1 - q2/c2  , 


mg  dq 

dS  = r — -s*- j - F(q)  dq. 

*1  - r/c2 

In  this  differential  we  see  the  appearance  of  the  relativistic,  or 
"effective,"  mass  and  an  "effective"  force  which  is  a function  of  position 
only.  Thus  it  is  obvious  that  we  cannot  interchangeably  use  the  concept 
of  rest  mass  and  velocity  dependent  forces  as  compared  to  relativistic  mass 
and  velocity  independent  forces.  This  is  'because,  in  the  Dynamic  Theory, 
there  are  two  differential  expressions  which  may  not  be  used  interchangeably 
since  one  is  the  result  of  the  first  fundamental  law  and  is  not  an  exact 
differential  while  the  other  comes  as  the  result  of  the  second  fundamental 
law  and  is  exact. 
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3.  Non-lsolated  System 

Thus  far  we  have  consistently  required  the  syitem  to  be  Isolated. 
Obviously  there  Is  a large  number  of  physical  phenomena  for  which  this 
restriction  may  not  be  used,  even  as  an  approximation.  Therefore,  relax- 
ation of  this  restriction  should  provide  description  of  a large  and  Impor- 
tant class  of  systems. 

One  of  the  benefits  of  the  Dynamic  Theory  Is  the  capability  of 
using  procedures  currently  used  In  one  branch  of  physics  In  another  where 
prior  to  the  unification  displayed  here  would  have  been  thought  Impossible. 
A system  to  which  this  procedure  should  produce  significant  results  Is  a 
non-equilibrium  thermodynamic  system.  Thermodynamics  tel  Is  us  that  we 
must  minimize  the  free  energy,  but  the  ability  to  use  this  as  a variational 
principle  to  obtain  equations  of  motion  Is  a procedure  which  the  Dynamic 
Theory  now  makes  possible  for  this  thermodynamic  system. 

This  research  has  not  yet  considered  non-lsolated  systems  though  some 
discussion  of  this  class  of  systems  Is  contained  In  reference  (9)  they  re- 
main a possible  subject  for  future  research. 
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F.  QUANTUM  EFFECTS 


Before  displaying  the  quantum  effects  of  the  Dynamic  Theory  it 
seems  important  to  briefly  discuss  my  philosophy  with  regard  to  current 
quantum  theory.  I view  with  awe  the  strength  of  the  quantum  theoretical 
structure  which  has  swept  aside  virtually  every  attack  upon  it.  Indeed 
its  successes  have  mounted  so  rapidly  and  stand  so  firmly  that  to  express 
disagreement  is  taken  as  sacreligious.  Yet  I can  not  subscribe  to  all 
the  teachings  of  current  quantum  physics.  However,  my  scepticism  concerns 
only  the  implication  that  Heisenberg's  uncertainty  principle  applies  to 
all  physical  phenomena. 

On  the  other  hand  I cannot  embrace  Einstein's  celebrated  quote  "God 
does  not  play  with  dice"  completely  either.  Rather  I would  like  to  modify 
this  quote  to  read  "God  does  not  play  with  dice  all  the  time."  For  I feel 
that  quantum  effects  depends  upon  the  constraints  placed  upon  a given  system. 
This  is  akin  to  the  vibrating  string  which  is  anchored  at  both  ends  and 
vibrates,  ideally,  in  certain  allowed  modes  or  the  string  which  vibrates  at 
one  end  with  the  other  end  free. 

How  then  can  the  limits  of  applicability  of  the  uncertainty  principle 
be  obtained  if  indeed  there  are  any  limits  to  be  placed  upon  it?  Suppose 
we  consider  the  Poisson  brackets  which  are  fundamental  in  classical  mechanics 
and  form  the  link  between  classical  physics  and  quantum  physics  through  the 
correspondence  principle. 

The  classical  Poisson  brackets  represent  the  Euler  equations  resulting 
from  a variational  problem  minimizing  a functional  subject  to  a constraint. 
Therefore  consider  the  definition,  in  tensor  formalism. 
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where  the  canonical  momenta  is  defined  in  the  classical  fashion. 
Let  f = x1  and  g = H where  H is  the  Hamiltonian,  then 


rx0  _ 3X^_  3H 9X^_  3H  . 


3X  3p 


1 


3D  • 3X 


3H_ 

3P  -5 


3 dpt 


3X 


since  the  equations  of  motion  yields 

• i _ dx1'  _ 3H  . i _ dpi  _ 3H 
X - 3T  • 7T  and  'pi  = ' at  ■ TJ 


3p, 


Therefore 

[xJ',  Hi  = xJ 

if  xJ  is  independent  of  the  p^'s  so  that 


3xJ  _ 
3p. 


Consider 


aP 


3 BH 


3p 


i 3H 


[p  H]  = *-+*2 

J 3X’  3p • 3p • 3x 


3pi  .i  dpi 

— X + 5- - jx-- 

3X1  J 


dp, 

then  IPjjH]  - 


3p. 


if  p,  is  independent  of  the  x^s  so  that  — 4- = o 


3X 


(11-56) 


(H-57) 


Thus  if  the  d^'s  and  the  x^s  are  independent  then  equations  (11-56)  and 
(I 1-57) are  the  Poisson  bracket  equations  of  motion. 


Now  consider  the  fundamental  Poisson  brackets, 
[x1,  xJ];  [p.f  Pj];  and  [x1,  p^-]  . 


First 


rJ  Jt  - 3X1  3XJ  3X1  3xJ 

LA  , A j “ r jT 

3x  3pk  3£k3x 


_ x 3XJ  „ 3X1 

- 0-,.  — 0. 


ik  3- 


3jk  3' 


which  is 


lx1,  xh  >3ii-2sl 


3P-j  3Pj 

or  [x1,  xJ]  = o if  (1)  the  x1*s  are  independent  of  the  p^'s  or  (2)  if 

3x^=  3X1 

3p.  ip. 

The  next  fundamental  bracket  is 

tp1  P.- 3 = £l£i-  Ai 
3Xk  3pk  3pk  3Xk 

or  [p-,  p-1  o if  (1)  the  p^'s  are  independent  of  the  x^s  or  (2)  if 

V " v * 


The  third  bracket  is 

3X1 

7T 


[xi,p  ] =1^ 

J 3x  3Dk  3Pk  3x 


°ik°~jk  “ 


or  Ix’.pj]  = - Bl4 

J J 3pk  3XK 


£ P 

oX  o 


apk  ax* 
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if  the  p. 's  and  x ’s  are  independent. 

Thus  it  can  be  seen  that  if  the  coordinates  and  canonical  momenta 


are  independent  then  the  classical  Poisson  brackets  are  given  by 

(11-58) 


tx\xJ]  = 0 


[P-pPj!  = o 


tx  ’pj]  = 5ij 


Indeed  this  is  the  condition  used  in  developing  the  Lagrange  and  Poisson 
brackets.  However,  the  tensor  formulism  ma>  be  used  to  investigate  the 
requirements  placed  upon  the  metric  coefficients  for  this  condition  of 


independence  of  momenta  and  coordinates  to  hold. 


Consider  [x1,?.]  if  the  condition  , 
3 V 


3Pi  ap 


a i 

X 


For  this  condition 


i ' ax1  3pi 

[X  »P^]  - 6^  - -r=  j-  - 6- 
3 11  \ 3Xk 


ax1  ?pk 


13 


3pk  ^ 


ax 


1*3'  ' 3x3  °ij  ‘ °13 


or 

Ix\p3-]  = o 
ap.  ap.  . 

Therefore  if  — L = — 4-  then  x commutes  with  ?..  What  conditions  must 
ax3  ax1  3 

the  g -'s  in  the  metric  for  the  space  satisfy  in  order  to  achieve  this 

* V 

condition? 


The  canonical  momenta  are  given  by 

Pi  = 

where  in  general  the  g-^'s  are  functions  of  the  x^s.  Hence  the  condi- 
tion  required  for  the  momenta  to  be  independent  of  the  coordinates  is 
that  tin.  g.-'s  be  constants.  For  this  condition  to  be  met  it  is  necessary 

* J 

and  sufficient  for  the  Riemann  curvature  tensor  formed  from  the  g-.'s  to 

' J 

be  identically  zero.  This  requires  that  the  Gaussian  and  Einstein  curva- 
tures to  be  zero  also  since  the  Riemann  tensor  is 


a&YO 


3 

3 

{ * T { * 1 

*SX'  lB6 

V 

3 5 

X 

+ 

[By, a] 

[B6,a] 

[aY,X]  [a6,X] 

while  the  Einstein  curvature  is 

R = sTR  = 9Y(, 

yv  Xyva 

and  the  Gaussian  curvature  is 


K = - h R . 

The  vanishing  of  the  curvature  is  necessary  and  sufficient  for  the 
existence  of  a transformation  to  a coordinate  system  where  the  metric 
coefficients  are  constants  and  therefore  guarantees  that  the  canonical 
transformation  in  classical  mechanics  can  be  made.  Then  the  conditions  for 
ix\  Dj]  = 5lj 

is  the  vanishing  of  the  space  curvature. 

The  equation  R--  = pg--  is  Einstein's  gravitational  equation  at  points 

• J * V 

where  matter  is  present.  Therefore,  when  the  Riemann  curvature  tensor 
vanishes  the  rectilinear  geodesics  of  the  manifolds  corresponds  to  tne  tra- 
jectories of  particles  in  the  absence  of  a gravitational  field.  Consequently, 
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if  the  manifold  with  the  quadratic  form 
(ds)2  = g.-dx^dx^ 

' V* 

is  to  account  for  non-recti linear  trajectories,  the  Riemann  curvature 
tensor  must  not  vanish.  Then  the  p-  and  the  x1  will  not  be  independent 
and  the  fundamental  Poisson  brackets  cannot  be  written  as  given  by 
equation  (11-58). 

In  particular,  the  existence  of  a function  p in  R..-  = og--  such 

Pi  ap.-  J J 

that  -2—^  = is  possible  and  in  that  event  [x,p.]  = o.  Now  the 
°xJ  °x‘  3 

quantum  Poisson  brackets  are  required,  through  the  correspondence  principle, 

to  correspond  to  the  classical  Poisson  brackets.  Obviously  in  the  event 
of  a curved  space  it  is  possible  that  the  x^s  and  p-'s  conwute  thus  re- 
moving support  for  the  applicability  of  Heisenberg  uncertainty  principle. 
This,  of  course,  cannot  be  taken  as  proof  that  the  uncertainity  principle 
is  applicable  only  in  Euclidean  spaces  since  the  correspondence  principle 
is  a correspondence  only.  However  it  does  represent  a possible  limit  of 
applicability  which  we  shall  see  again  from  a different  point  of  view. 

1927  F.  London  derived  quantum  principles  from  XeyVs  geometry. 
However,  the  results  of  his  work  made  it  difficult  to  define  length  as  a 
real  number  and  because  of  this  Weyl  later  interpreted  the  mathematical 
formulism  of  his  unified  thee*v  as  r-nnected  with  transplanting  a state 


vector  of  a quantum- theoretical  system. 

Suppose  that  we  consider  an  isolated,  or  Q-conservative,  system  so 
that  dQ  = o.  Then  because  of  the  second  law  dq°  >_  o which  is  the  principle 


of  increasing  mechanical  entropy.  Then  certainly  (do0)  = >_  o and  also- 


since 


fAr-V 

\ w U ; 


f 
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However  if  f < o then  (do;  < o since  it  is  the  product  which  sust  resain 
greater  than,  or  equal  to,  zero.  In  this  case 


do0  = rx  rr( daP 


But 

and 


d(dj)  - ^^dx^(dG) 


d{dc)  _ 
(dc) 


which  inpiies  that  the  elesent  of  arc  (do)  is  given  by 

(fc)  = (dO)0  S** 

where  (do)0  is  sose  initial  value  o^  the  element  of  arc. 

Ncw  suppose  an  equilibrium,  or  reversible,  state  is  desired  so  that 

dq°  = o.  Thus  the  desired  condition  is  a null  trajectory  of  the  (dq0)^ 

sanifold.  Then  if  f r o the  des«red  condition  is  also  a null  trajectory 
2 

of  the  (do)  sanifold.  This  inslies  that 


or 


so  that 


d(do)  = o 

(do)  = \do) 


■ fc 

j ci.dx 

e K = 1 


which  is  satisfied  only  if 
jo^gx^  = 2^in 

where  n is  an  integer.  This  is  the  quantis  condition  London  introduced. 

To  illustrate  how  this  condition  arises  froa  the  dynamic  approach 
suppose  a description  of  a hydrogen  atoa  is  desired-  A hydrogen  atoa 
is  in  a stable  condition  and,  if  isolated,  satisfies  the  conditions 


7S 


dQ  = c and  dq°  = o.  These  conditions  along  with  f f o establish  the 
quantization  of  the  integral  oxK. 

To  shew  how  the  Dynamic  Theory  reaves  the  difficulty  of  defining 
length  as  a real  maser  fr®  London ' s work  consider  an  el  "rente  ry  pro- 
sen tat ion  of  London 't.  Suppose  the  field  of  a proton  to  be  given  by 
e-  = ^ ; 3-  = o;  i*o. 

Equality  of  forces  for  the  sirple  case  of  circular  notion  requires  that 

ISy2  _ ©2 

~r  r2  * 

Thus  the  oeriod  is  Given  bv  T = the  velocity  bv 


so  that 


§r 

/c^dx  = /*0cdi  = cncl  = 2fin 


a*Ci  /■ 

— : — - f 


Solving  for  the  radius  shows  that  tie  aliened  radii  are 


r = -nz=2 
e--re:~ 


by  choosing 


i _ _ _ 


share  h Is  Planck’s  constant  then  the  doss' o',  e radii  become 

--  n2^ 

r TTwCr 
**T^0*4S 

whi ch  are  the  So hr  radii. 


The  Imaginary  a1  presented  the  difficulty,  In  London's  work,  of 
defining  length  as  a real  number.  In  the  dynamic  approach  real  distance, 
or  length,  may  be  defined,  and  properly  should  be,  In  the  (dq°)  manifold. 
Recalling  that  the  definition  of  the  potentials  Is 


*k  " 4 


It  may  easily  be  seen  that  If  f < o then  ^ becomes  Imaginary  as  does  the 
length  of  arc  In  the  (do)2  manifold  since  the  length  of  arc  Is  given  by 

o ■ / /(do)2  . 

However  the  arc  length  In  the  (dq0)2  manifold  Is  real  since  dq°  >_  o by  the 
second  law. 

It  should  be  noted  that  the  conditions  for  quantization  are  not  restricted 
to  <TQ  ■ o,  dq°  » o,  and  f < o as  used  here.  Any  set  of  conditions  which 
results  In  the  final  element  of  arc  (do)  being  equal  to  the  Initial  element 
of  arc  (do)Q  results  In  quantum  conditions.  It  Is  particularly  significant 
to  note  that  the  quantization  Involves  only  forces  which  may  be  described  In 
terms  of  the  "distance  curvature"  and  does  not  Involve  forces  descrlbable  by 
a vector  curvature.  Thus  Interpreting  the  gauge  potentials  ^ t0  be  electro- 
magnetic potentials  provides  quantum  effects  for  electromagnetic  forces. 

While  interpreting  the  forces  descrlbable  by  the  vector  curvature  to  be 
gravitational  removes  the  possibility  of  achieving  quantum  effects  Involving 
gravitational  forces  alone. 

Here,  again,  Is  a distinction  between  curved  and  Euclidean  manifolds. 
Though  here  It  appears  slightly  different.1  The  Dynamic  THeory  requires  a 
quantization.  However  this  quantization  depends  upon  the  existence  of  a 
gauge  function  and  appropriate  restrictive  conditions.  Thus  a curved  space 
may  be  exhibit  quantum  effects  but  only  If  the  curvature  Is  accompanied  by 
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a gauge  function,  or  a distance  curvature. 

Thus  the  Dynamic  Theory,  through  London's  quantization,  not  only 
supports  the  contention  that  "God  does  not  play  with  dice  all  the  time" 
but,  further,  may  supply  the  answers  to  two  questions  concerning  quantum 
physics.  The  first  question  is,  "What  is  waving  in  the  wave  function?" 
London  showed  that  the  wave  function  is  directly  related  to  the  element 
of  the  arc  length  in  the  sigma  manifold.  Therefore  the  "waving"  is  the 
tendency  of  this  element,  of  arc  length  to  increase  and  decrease  around 
a closed  path.  Using  the  calculus  of  complex  variables  the  quantum  number 
becomes  the  order,  or  multiplicity,  of  the  zero  of  (do). 

The  second  question  is  how  gravitational  effects  may  be  quantized? 
Here  the  answer  becomes,  "It  can  not."  If  we  assume  the  validity  of 
Einstein's  General  Theory  of  Relativity,  which  is  included  within  the 
scope  of  the  Dynamic  Theory,  in  equating  gravitational  effects  with  the 
curvature  of  the  space-time  manifold,  then  gravitational  effects  alone 
may  not  be  quantized.  However,  electromagnetic  effects  within  a gravi- 
tational field  may  still  be  quantized.  However,  the  quantization  will  be 
affected  by  the  vector  curvature. 
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G.  SUMMARY 
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When  this  investigation  was  initiated  it  was  concluded  that 
Einstein's  postulate  of  the  constancy  of  the  velocity  of  light  could  not 
be  adopted  since  it  was  felt  that  experimental  evidence  in  electromag- 
netism alone  did  not  justify  applying  it  as  a limiting  velocity  to  all 
types  of  forces.  However,  we  find  that  this  is  required  by  the  Dynamic 
Theory  which  approaches  physical  phenomena  from  a different  way.  The 
new  viewpoint  indeed  supports  Einstein's  every  contention  including  his 
uneasiness  concerning  quantization  and  it  does  it.  in  such  a way  that  it 
seems  only  the  early  successes  of  his  theories  kept  Einstein  himself  from 
coming  to  the  same  realization. 

This  is  of  course  speculation  but  it  was  Einstein  who  returned  to 
very  fundamental  concepts  in  order  to  establish  a basis  for  his  relativity 
theory.  He  was  also  known  to  be  aware  of  the  tremendous  strength  of 
classical  thermodynamics  since  he  wrote,  "A  theory  is  the  more  impressive 
the  greater  the  simplicity  of  its  premises  are,  the  more  different  kinds 
of  things  it  relates,  and  the  more  extended  is  its  area  of  applicability. 
Therefore  the  deep  impression  that  classical  thermodynamics  made  upon  me. 
It  is  the  only  physical  theory  of  universal  content  concerning  which  I 
am  convinced  that,  within  the  framework  of  applicability  of  its  basic 
concepts,  it  will  never  be  overthrown."  Thus  it  seems  only  the  fact 
that  Caratheoaory's  statement  of  the  second  law,  which  is  the  key  to  the 
development  of  the  Dynamic  Theor. , did  not  make  its  appearance  before  the 
relativist!,  theory  had  achieved  such  stupendous  successes  kept  Einstein 
from  eventually  investigating  its  possible  extended  application. 
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The  key  points  in  the  development  of  the  Dynamic  Theory  seem  to  be; 
the  recognition  of  the  generality  of  the  thermodynamic  laws  and  their 
independence  upon  the  number  or  type  of  variables  considered  and  the 
recognition  that  the  quadratic  forms  associated  with  the  stability  con- 
ditions form  natural  metrics  leading  to  a geometrical  description  of  the 
dynamics  of  the  system  independent  of  the  variables  used  in  the  description. 

There  are  numerous  conclusions  and  implications  that  could  be  reiterated 
here,  however,  only  a few  of  the  seemingly  more  significant  ones  will  be 
discussed.  The  first  one  is  the  existence  of  an  integrating  factor  for 
any  system  describable  by  the  first  law,  particularly  that  this  integrating 
factor  is  independent  of  the  type  of  force  considered.  It  is  this  fact 
which  ultimately  leads  to  a unique  limiting  velocity  for  all  forces.  How- 
ever, in  speaking  of  the  absolute  velocity,  for  mechanical  systems,  care 
must  be  taken  to  point  out  that,  as  far  as  the  three  laws  are  concerned,  it 
does  not  represent  an  absolute  barrier.  Rather  the  laws  only  state  that, 
for  a mechanical  system  with  only  three  work  terms  representing  the  work 
done  by  three  spacial  forces  the  absolute  velocity  represents  an  upper  and 
lower  limit.  Thus  solutions  with  velocities  greater  than  the  speed  of 
light  are  also  allowed.  However,  so  long  as  the  system  is  subjected  to  only 
these  three  forces  then  its  velocity  may  never  c^oss  this  ba"~ier.  This 
absolute  barrier  effect  may  be  expected  to  change  if  another  force  term 
representing  an  additional  dimension  is  found  mecessary. 

The  reduction  in  the  number  of  fundamental  laws  or  postulates  is 
significant.  This  together  with  the  unifying  effect  of  the  three  laws 
promises  to  simplify  the  study  of  physical  phenomena  by  founding  the  entire 
realm  of  physics  upon  a common  set  of  conceptualizations. 
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Perhaps  the  best  way  to  sumnarize  the  unifying  effect  of  the 
Dynamic  Theory  is  to  consider  a vin  diagram  which  depicts  not  only  the 
overall  realm  of  applicability  of  the  theory  but  indicates  also  the 
effects  of  different  restrictions. 
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Ill  FIVE-DIMENSIONAL  SYSTEMS 


During  the  preceeding  development  displaying  the  unifying  effect 
of  the  Dynamic  Theory  there  did  not  appear  anything  which  approached  a 
description  of  nuclear  effects.  Of  course  quantum  theorists  may  response 
that  the  nuclear  effects  lie  within  the  realm  of  quantum  theory.  This, 
however,  does  not  seem  to  be  a strong  argument  since  current  nuclear 
theory  appears  to  depend  upon  a number  of  ad  hoc  postulates. 

If  it  is  supposed  that  nuclear  theory  cannot  be  extracted  from  some 
aspect  of  the  preceeding  four-dimensional  world  view  then  how  might  the 
Dynamic  Theory  produce  a foundation  for  nuclear  theory?  At  this  point 
there  appears  to  be  no  obvious  way.  There. ore  let  us  proceed  on  a dif- 
ferent tack. 

Thus  far  we  have  constantly  adhered  to  the  policy  of  dividing  systems 
into  two  types;  thermodynamic  systems  with  only  a work  term  of  the  pdv 
type  and  mechanical  systems  with  three  mechanical,  or  spacial,  work  terms. 
Now  the  generality  of  the  adopted  laws  places  no  restrictions  upon  the 
number  or  type  of  variables  used.  Particularly  there  is  no  restriction 
coming  from  the  laws  themselves  which  says  we  cannot  use  four  work  terms, 
one  the  thermodynamic  pdv  term  and  three  mechanical  Fdq  terms.  Obviously 
pdv  itself  is  just  another  Fdq  type  term  with  the  pressure  as  the  general- 
ized force  and  the  volume  as  the  generalized  displacement. 

The  rub  comes  in  attempting  to  visalize  a world  description  in  five 
dimensions.  Many  arguments  may  be  envisioned  which  tend  to  imply  only  a 
four-dimensional  manifold  is  needed.  The  kinetic  theory  of  gases  relates 
the  pressure  to  the  average  velocities  of  the  particles  contained.  Doesn't 
that  imply  that  thermodynamics  ultimately  rests  upon  a four-dimensional 
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manifold?  Recall  that  the  system  in  the  kinetic  theory  is  basically  in 
equilibrium. 

Statistical  thermodynami sts  may  claim  that  thermodynamics  is  basically 
statistical  in  nature  and  is  fundamentally  tied  to  order  and  disorder  and 
hence  to  the  four-dimensional  world  of  quantum  theory.  But  remember  that 
the  overall  system,  to  which  the  statistical  approach  is  applicable,  is  a 
composite  system  made  up  of  many  subsystems  each  in  an  equilibrium  state. 

Still  there  seems  to  be  no  substantial  support  for  a five-dimensional 
world  from  the  point  of  view  of  current  theories.  This  is  to  be  expected 
though  in  view  of  the  difficulties  experienced  in  the  transition  from  the 
classical  three-dimensional  world  to  the  four-dimensional  space-time  of 
Einstein's  theories.  Obviously  had  the  extension  of  the  universe  been 
restricted  on  a priori  grounds  to  ti  'ee-dimensiona!  Euclidean  space, 
Einstein's  theory  would  have  been  rejected  on  first  principles.  On  the 
other  hand  as  soon  as  we  recognize  that  the  fundamental  continuum  of  the 
universe  and  its  geometry  cannot  be  posted  a priori  and  can  only  be  dis- 
closed to  us  from  place  to  place  by  experiment  and  measurement,  a vast 
number  of  possibilities  are  thrown  open.  Among  these  the  four-dimensional 
space-time  of  relativity,  with  its  varying  degrees  of  non-Euclideanism, 
has  found  a place.  So  also  may  the  five-dimensional  view  of  the  Dynamic 
Theory  be  found  witnin  the  possibilities.  Ultimate  judgment  upon  its 
necessity,  or  applicability,  should  rest  upon  a comparison  of  the  theory’s 
predictions  with  reality. 


A.  SYSTEMS  NEAR  AN  EQUILIBRIUM  STATE 

The  metric  coefficients  are  made  up  of  the  second  partial  derivatives 
of  the  system  energy  function  and  therefore  if  the  system  remains  near  an 
equilibrium  state  then  the  value  of  these  derivatives  evaluated  at  the 
equilibrium  state  may  be  used  as  a first  approximation  for  the  metric  co- 
efficients. In  this  case  the  geometry  will  be  Euclidean  and  from  the 
preceeding  four-dimensional  development  the  Euclidean  manifold  produced 
by  applying  the  Q-conservative  restriction  was  Minkowski's  space- time  con- 
tinuum of  special  relativity. 

Therefore  suppose  we  begin  an  investigation  of  the  five-dimensional 
world  by  staying  very  near  an  equilibrium  state  so  as  to  simplify  the 
description  to  a five-dimensional  generalization  of  Minkowski's  space-time 
manifold. 

1.  Equations  of  Motion. 

Suppose  that  we  consider  some  sort  of  system  requiring  four  work 
terms  and  for  the  moment  not  concern  ourselves  as  to  exactly  what  this 
system  might  be.  Thus  for  our  system  we  will  have  thermodynamic  as  well  as 
mechanical  variables  and  the  first  law  becomes 

(TQ  = dU  + Fdv  - Fq  dqa;  a = 1,  2,  3. 

Where  the  Q,  U,  v and  F^  are  considered  as  specific  quantities.  That  is 
these  quantities  are  related  to  a unit  of  mass  such  as  is  customary  in 
thermodynamics. 

The  specific  volume  is  the  reciprocal  of  the  mass  density,  y,  then 
using  the  mass  density  instead  of  the  specific  volume  the  first  law  becomes 
5q  = dU  -(P/y2)dy  - Fa  dqa;  a = 1,  2,  3. 

This  law  now  requires  that  the  system's  specific  energy  U be  a function  of 


five  independent  variables  so  that 

U U (S,  q1,  q2,  q3,  y). 

Thus  the  first  law  requires  a five-dimensional  manifold  of  specific  en- 
tropy, space,  and  mass  density  for  a general  system.  Since  the  system 
under  consideration  needs  both  thermodynamic  and  mechanical  variables  we 
can  no  longer  refer  to  the  entropy  as  mechanical  or  thermodynamic  however, 
the  limiting  case  where  the  mass  is  held  fixed  must  produce  the  mechanical 
entropy. 

The  procedure  established  by  the  Dynamic  Theory  is  to  take  the  sta- 
bility condition  quadratic  form  as  the  metric  for  a stable  system.  Thus 
the  coefficients  of  the  metric  become  the  second  partial  derivatives  of 
the  energy  function.  In  order  to  simplify  the  metric  suppose  for  the 
present  that  we  restrict  our  system  to  be  very  near  an  equilibrium  state 
so  that  we  may  consider  the  second  partial  derivatives  to  be  constants. 

This  is  in  essence  considering  a local  Euclidean  manifold  which  the  symnetry 
of  the  geometric  connections  guarantees  that  we  may  do. 

Since  the  metric  coefficients  are  constants  a transformation  may  be 
found  such  that  the  cross  terms  are  zero.  Then  in  this  coordinate  system 
the  metric  becomes 

c2(dt)2  = (dq0)2  + dqadq°  + (dq*)2;  a = 1,  2,  3,  (III-l) 

when 

q°  = | and  q*  = ^-  . 

O 0 

If  we  again  consider  the  restriction  30  = 0 so  that  we  are  talking 
of  a Q-conservative  system  for  which  the  principle  of  increasing  entropy 
holds,  then  we  have  the  variational  principle  given  by 

5 / = 0.  ( 1 1 1— 2) 
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Solving  equations  {III— 1 ) for  dq°  and  squaring  we  get 
(dq0)2  = c2(dt)2  - dqadqa  - (dq4)2 


(III— 3) 


(^•)2  = c2  - gaS  (^-)  a,  3 - 1»  2,  3,  4 


I - 


gaB  = 6a3- 

The  entropy  manifold  given  by  equation  (III -3)  is  a five-dimensional 
Minkowski -type  manifold  with  coordinates  of  space-time-mass.  We  may  there- 
fore follow  the  procedure  Minkowski  and  Einstein  used  in  the  Special  Theory' 
of  Relativity. 

First,  to  avoid  confusion,  let  us  rename  the  coordinates  as 
x°  = ct;  x1  = q1,  x2  = q2,  x3  = q3  and  x4  = q4. 

Then  define  the  five-dimensional  velocity  vector  as 


u1  = — ; i = 0,  1,  2,  3,  4 
dq° 

and  define  the  five-dimensional  acceleration  vector  as 

f i _ 6U1  _ d2x1  + ,i,  dx*  dxk 

Sq°  = dq°2  ik'dq°d,°  ' 

Now  the  specific  entropy  is  the  arc  length  and  the  variational  princi- 
ple is  based  upon  the  entropy.  Therefore  if  we  multiply  the  specific 
entropy  by  the  mass  density  we  have  the  entropy  density.  The  variational 
problem  becomes 


6 / /Y2(dqb)2  =5  / y Adq0)2  = 0 
The  Euler  equations  for  this  problem  are 


(II 1—4) 


1 y q- -u 
^3 


3^ik  i k 
Y -4*  uV 

9X1  = 0 

V3" 
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aou‘t  ^=3= 1 • ^ vv  + v { 4 i Ja== 3 - %= 

9ijU  I!4  3X  J dq  -gTjuV  /9^ 
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Using  the  fact  that  g--u1u'1  = 1 the  Euler  equations  become 

* 0 


^■ci  - °y 


T * art  9,-,-u-  = 


,3  = cT 


3X 
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(III-5) 


where  the  F1  are  force  densities. 

Obvious!}  if  we  hold  the  mass  density  fixed,  ub  = 0,  then  the  volume 
integral  of  this  equation  becomes  the  force-mass-acceleration  relationship 
of  special  relativity. 


Now  since  f1  = and  = c2  - u°ua;  a = 1,  2,  3,  4, 

5au 


then 


ri  _ ou^  _ Sul  dt 
F y n - v ; 


6Q 


ct  . 0 

dq 


4r  (^77)  where  v2  = u°ua;  a = 1 , 2,  3,  4. 


« 'dqo 


Then 


1 dx  ^ 
" ^ ,,2  Gt 


0 / 


F°  - /j.2  _ y2  At  » c*  - V* 

I 6 r 2 dx°  % 

= C2  A - ot  1 ✓ 1 - S2  ~3F  ' 


where  3 s v/c  with  v the  four-dimensional  speed. 

The  force  density  equation  may  now  be  written  as 


We  may  define  t,y  _ 3/  = y1  as  tne  effective  mass  density  or  “Rela- 
tivistic" mass  density  then 


3^  f’  = -V  — fy1  d,  ] 2- 

15  c7  ot lY  ur 1 <? 


a.  vS>a 


By  defining  F°  = c2  /l  - S2  {F1)  so  that 


• e a v-v“ 

IX  . 0 


r<l  _ 0 : 1 OX, 

• ' at  lT  St]  ~ v 


i - o' 
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We  see  that  this  force  density  becomes  Einstein’s  special  relativistic  force 
density  when  Vs*  = 0,  or  for  constant  “rest  Eass."  Thus  the  equations  of 
cot ion,  equation  (III— 6)  reduce  to  Einstein’s  special  relativistic  equations 
of  cot ions  when  y = 0. 

2.  Energy  Equation 

Now  for  our  systes  the  restriction  that 

cQ  = 0=dU--4dy-F  dxa:  a = 1 , 2,  3 
y~  a 


recuires  that 


dU  = -~r  dy  -r  F gx°;  a - 1,  2,  3 
y~  a 


or  if  -rr  is  considered  as  another  generalized  force  density  then 


Thus  by  integrating  the  expression  for  the  system's  specific  energy 
change  we  should  arrive  at  the  Einstein  energy  equation  if  we  hold  u*  = 0. 
Therefore  we  shall  perform  the  integration  using  tie  force  densities  given 
by  equation  {UI~b}  to  get  the  system's  energy,  or 


c = -r°  'Ft*s=-fP4!^L_Ci-  ^aj&Ljebf 

P0  p ~ - F st  A - 5^ 

!J- 

- _ . d , 1 , « = dt 

= ; *-Tf  {jf=r^z  ) mr  * _ p ]}  dt  . 

“0 


But  c2S2  = u2u2  and  c2ss  = u2  , therefore 

Gt 


« t j i f2c? 

B - U = r W f—  * x,  U)  ^2-2  X jpA 

o l -y  ldt  1 A - - - A~ 


]}  dt 


S SdS 

= C2  / T {1  - * 

3o 

JJtar  5 depends  upon  u2  and  rest  upon  x5*,  or  therefore 


f!  |f  _ 

U • ,J0  - n - FF^ 


iTYTTV 

- s-jr/' 


* constant. 


If  the  internal  energy  is  considered  as  the  system's  energy  when 
the  special  velocities  u2;  a = 1,  >,  3 are  taken  as  zero  then  the  internal 
energy  density  given  by 


r i - i^-Y 


* constant 


At  the  equilibrium  condition  where  u~  is  also  zero  the  internal  energy 
density  is  then 


u = vc-  - constant. 


SSfcv  * »Ta  - :••  r^w«5%,ww.  «.■■  *.^-  ■•■  .■  >•»  »»-^ — “i’-ir*  — 


By  taking  the  constant  of  integration  to  be  zero  this  internal  energy 
density  then  corresponds  to  Einstein's  "rest  energy"  where  here  the  'rest 
energy'  is  in  terms  of  a four-dimensional  "at  rest"  state. 

If  we  make  the  usual  type  approximation  of  allowing  e2  « 1 then  the 
system's  energy  density  is  approximately  given  by 

ti  = yc2  + | y v2  + | Y^l7  ^ 2 

• ^ 

where  here  u4  = -X-  is  used.  This  displays  the  classical  limit  system 
ao 

energy  density  for  a Q-conservative  system  very  near  equilibrium. 


B.  SYSTEMS  WITH  NON-EUCLIDEAN  MANIFOLD 

Suppose  now  we  relax  the  assumption  that  the  system  is  very  near  an 
equilibrium  point  so  that  the  second  partial  derivatives  are  no  longer 
constants  but  are  functions.  This  is  essentially  the  same  transition  as 
Einstein  made  going  from  his  special  to  general  theory,  however,  the  logic 
of  the  transition  is  much  simplier  here.  The  only  change  in  the  logic 
appears  in  the  relaxation  of  the  assumption  of  nearness.  There  is,  of 
course,  a drastic  increase  in  mathematical  difficulty  since  the  metric 
components  are  no  longer  constants. 

1.  General  Variational  Principle 

We  shall  consider  a system,  which  may  be  a charged  plasma,  that 
must  be  described  by  both  thermodynamic  and  mechanical  variables.  When 
written  in  terms  of  the  mass  density  the  first  law  for  this  system  may  be 
written  as 

dQ.  = dU  - dy  - Fadqa;  a = 1 , 2,  3 

where  the  til  da  denotes  specific  quantities. 

Following  the  prescribed  procedures  of  the  Dynamic  Theory  we  shall 
take  the  stability  condition  quadratic  form  as  the  metric  for  our  system. 
Thus  the  metric  coefficients  will  be  given  by  the  second  partial  derivatives 

h..  = -4^-pi,  j = 0,  1,  2,  3,  4 
J 3q 1 9qJ 

where  q4  = . The  metric  may  then  be  written  as 

ao 

c2  (dt)2  = hQ0  (dq0)2  + 2 hQa  dq°dqa  + h ^ dqadqS 
where  a, 6 = 1 , 2,  3,  4. 
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Imposing  the  restriction  that  the  system  be  Q-conservative,  dQ  = 0, 
results  in  the  principle  of  increasing  entropy  so  that 
6 f /[HsF  = 0. 

Thus  in  terms  of  the  specific  entropy  the  variational  principle  may  be 
written  as 


6 f /WF  = 6 / y /(dqb)2  - 0. 

Solving  the  metric  given  by  equation  ( I I 1-4)  and  squaring  yields  the 
expression 

(dq0)2  = } (c2  (dt)2  + 2 hQo  [*]  dt  dq“  - ha£5  dqadq6};  a,  3 = 1,  2,  3,  4 

with 


oo 


V 00 ' 


00 


h~~  ~ hnA 
oo  oo 


This  metric  in  a five-dimensional  manifold  of  space-time-mass  may  be  re- 
written as 

,°\2  c 


(dq0)2  = (rM  (do)2 
00 


where 


(dq0)2  = q..  dx7dxJ;  i , j = 0,  1 , 2.  3,  4 

* J 


(do)2  = q-  dx^x1-1;  i , j = 0,  1 , 2,  3,  4 


with  x°  = ct;  x1  a q1;  x2  = q2;  x3  = q3;  x4  e y/aQ.  Thus  we  may  write 


( 1 1 1-7 ) 


(dq0)2  = q.j  dx^x0  = (|)  (do)2  = (^r)  dxW  . 

Having  established  the  metrics  in  equation  ( I I 1-7)  in  the  manner 
prescribed  by  the  Dynamic  Theory  the  geometry  must  be  Weyl  geometry  and 


defining  the  potential  five-vector  as 

:l/2 


4 - + Blnf1 
♦l  = 1 “T" 


( 1 1 1-8) 


ax 
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and  the  field  tensor  as 

(HI-9) 

then  we  may  follow  Weyl's  procedure  in  his  unified  field  theory  to 
arrive  at  the  variational  principle 


(III-10) 


6 f [R  + £ A F.  .F1J  - \(j  - 12  l-V)]  /-g  dx5  = 0 
1 1 

where  F^ . = /T“  F^-  and  = /T"  $.  . 

Varying  the  metric  coefficients  g.  • in  the  variational  principle 

' J 

(III-10)  will  yield  field  equations  of  the  Dynamic  Theory  which  are  ex- 
tensions of  Einstein's  General  Theory  of  Relativity. 

2.  Gauge  Function  Field  Equations 

In  order  to  isolate  the  field  equations  resulting  from  a gauge 
function  from  the  eld  equations  produced  by  a vector  curvature  let  us 
consider  a Local  Ejclidean  manifold  for  (do)2. 

Now  the  field  tensor  given  by  equation  (I I 1-9)  has  25  components.  We 
would  like  to  determine  the  field  equations  for  these  components.  The 
quickest,  though  not  the  only,  way  is  to  consider  the  five  dimensions  to 
be 


x°  = i c t;  x°  = x“;  a = 1 , 2,  3,  4. 
The  field  tensor  is  then  defined  to  be 


Fij 


0 

1 E1 

1 E2 

i E 
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Using  Bianchi’s  identities 


F. . 3 F, 


• • a ■ . . 

^ + 


aFki 


= o 


3X  3X  3XJ 

and  the  various  combinations  of  the  indices  0,  1,  2,  3,  4 we  obtain  the 
field  equations 


V • B = 0 V x E + 0 

C 3t 


v x Y + a -25.  = o 

O 3y 


v V + 1 + a |i=0 
O c at  0 3y 


(Iii-n) 


The  definition  of  the  5-vector  current  density 
3 F. 


ij  _ 4ir  , 
i = c Ji 


3x 

yields  the  equations 
3V 

V • F + a = 4irp 


(III-12) 


* 3y 


V+  111°  = - 21  j 
C 3t  C Ut* 


av. 


« y tt  1 3E  . 3V  _ 4ttJ 
7 X B - Fat  + ao  W ~ 

4ir 


(III-13) 


Equations  (III-ll)  and  (III-13)  form  a set  of  seven  Maxwell-type 
equations  which  obviously  reduce  to  Maxwell's  four  equate  . if  the  mass 
density  is  held  fixed. 

The  wave  equations  for  the  new  field  quantities  may  be  derived  using 
standard  assumptions. 

i\9w  1 

~ 37  , 1 


Jt  • »> + Ip  - 


32V. 


= -LiL  = 7 • 4^-  + — —H- 

- Aj-  Ft  c 3t2 


c dt" 


while 


therefore 
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1 3 2 V . 3J  w- 

72V  - 4r  -rr-  = 1 - a 7 * ~ 

0 C2  3t2  c7  3t  0 3y 

For  the  vector  field  we  have: 

" 3V0  - _ TT  /4* 


and 


therefore 


V (T  • V)  + !•  -jp  a . V (S.  J4) 


V X (7X?)+72V+i-“VV0  = ^-VOl 


3V 

But  v • r = 4np  - a„  -r-2-  sc  that 

o 3y 

2 v 1 92V0  _ 4n  *\  3 . 3V0 

v0  c2  3t2  ~ c7  3t  ‘ a0  3y  4lTP  ‘ a0  3t 

and  ? x F - ^ 7 - a —•  so  that 

c at  c o 3y 


is 


if 


»*V-  i-S"  4tj.  + a.  4-”T+  2s-  a 


4]T 
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Now  since  the  wave  equations  for  the  usual  vector  and  scalar  po- 
tentials are 

V2£  _ J>  = - Elj 

c^3tT  c 


v2<>  * 7T  Irl-  = - 4tip  . 


C1  3t2 

We  may  differentiate  these  with  respect  to  the  mass  density  and  substitute 
them  into  our  wave  equations  and  get 

72  i;  = ^!L 1.  4.  O 2 _ 

3Y2 

(III— 14) 


1 -\2  A 30,  32V. 

v*  v \r  1-*-  i'  = 4]L  — 1 + a 2 — ;r— - 

O C^3t^  0 c2  3t  0 


n2  17  1 327  — 4tt  — -I  i 3 3E  , 3V i 
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where  V = \l  + a ~ and  V = V - a . 
o o o 3y  o 3y 

3.  Interpretation  of  the  Current  Densities 

For  our  system  the  conservation  of  charge  becomes 


so  that 


-4=  0;  i = 0,  1,  2,  3,  4 

a..  * 


|£+v  .7+aoTA=0  . 
3t  0 3y 


Thus  we  see  that  defining  the  current  densities  by  equations  (III-12) 
leads  us  to  consider  the  new  component  of  current  density  J4  which  alters 
the  conservation  of  charge  equation,  (III-15). 

Since  equation  ( I 11-12}  defining  the  current  densities  involves  an 
interpretation  linking  these  equations  to  reality  there  seems  to  be  no  a^ 
priori  reason  for  this  defining  relationship.  Defining  the  current  density 
in  this  manner  introduces  also  the  necessity  of  interpreting  the  new  term 
J4,  which  in  turn  requires  changing  our  concept  of  conservation  of  charge 
to  that  of  equation  (III-15).  While  the  extension  to  five  dimensions  may 
well  require  changing  our  concept  of  conservation  of  charge,  just  as  the 
step  from  three  to  four  dimensions  required  a change  in  the  conservation  of 
mass,  it  should  be  possible  to  appeal  to  experimentation  to  determine  this 
requirement. 

Suppose  we  look  at  the  defining  relations 


3 F. . 


-R=  o 


(III— 15) 


then  equation  (I 11-11)  becomes 


(III-17) 


7 • E = - 


7 3Vn 

V . V + I = o 
v C 9t  j * 

So  that  we  may  define  the  charge  density  as 


3V« 

. - oo 

p = ' 47  aT 

and  the  current  density  as 


J = - 


aoc  3V 
4-  3y 


(II 1—18) 


(II I— 1 9) 


Substituting  equations  (III-18)  and  (I 11-19)  into  the  remaining  equation 
(III-17)  we  obtain 

v • J + ||=  ° (II 1—20) 

which  is  the  classical  conservation  of  charge  equation. 

Thus  if  we  use  the  defining  equation  (III-12)  we  are  faced  with 
interpreting  the  new  term  .1  which  has  its  origin  in  the  thermodynamic 
variables  our  system.  While  if  we  choose  the  defining  relations  (III-16), 
(III-18),  and  (III-19)  we  may  keep  our  concept  of  conservation  of  charge 
but  this  requires  us,  by  equations  (III-18)  and  (II 1-19) , to  consider 
current  densities  to  have  their  origin  in  the  thermodynamics  of  our  system. 

4.  Additional  Developments  of  the  Five-dimensional  field, 
a.  Energy-'^omentum  Tensor 

If  we  follow  the  approach  of  relativistic  electro-dynamics 
we  may  define  the  tensor  {T}  in  terms  of  the  field  tensor  {F}  according  to 


Tjk  s C 


47}  lFjtF£k  + i6jkFn  Fn] 
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Recall  that  the  5-dimensional  field  tensor  is  given  by 


{F}  = -iE 


0 

iEi 

iE, 
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Using  the  field  tensor  to  calculate  the  components  of  the  energy- 
momentum  tensor  we  find  that  the  components  are  given  by: 

To«  • *r 1(r  * * W‘  ‘ - 1. 2- 3 

T = fr-  [E2  + B2  + V2  + V2 1 
oo  o ‘ 

To4 


'44  ~ StT  l¥0 


tv  2 + B2  - E2  - V2] 


CHU  1 

T = t-{E  E,  + B B„  - V V.  - 5cx3  tE2  + B2  4 V 2 - V2]} 
a0  47ra3apa6^  O 

where  a,  $ - 1,  2,  ^ . 

The  field  energy  density  may  be  defined  by 

t.£lE-F**.I*V.V¥0il  , 

and  the  electrical  Poynting  vector  may  be  defined  by 

SE  = (FX  F). 

Now  the  electrical  Poynting  vector  represents  the  outward  flow  of 

the  electromagnetic  field  energy  through  a surface.  Thus  if  we  take  the 

total  /ectorv  whose  components  are  T , to  be  the  total  flow  of  energy 

oo 
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Suppose  we  calculate  the  trace  of  the  energy-momentum  tenser: 

V>  * Tjj  - T]j  + ^ + ^Vq  + b2  - E2  - V21 
* + vo)  + T°„ 

= ^-[B2  + V2]  + ^[E2  + B2  - V2  - | (E2  + B2  + V2  - V2)3 
= T E2  + iv2-  I V2] 

' 2 * V2  - E2  - V21  . 

b.  Force  Density  Vector 

The  force  density  vector  may  be  defined  in  terms  of  the  divergence 
of  the  energy-momentum  tensor.  Therefore  suppose  we  calculate  the  5-d 
divergence  of  the  tensor  {T},  or 


3Tjk  _ 1 a 


ax 


3X 


Because  of  the  anti -synmetry  of  F^,  the  first  tern.  may  be  written  as 


J£  p 
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By  interchanging  the  indices  k and  £ 
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Using  the  Bianchi  identity 
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= 0 , 


3X"  3X  3X0 
The  terms  contained  within  the  parenthesis  may  be  written  as 
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Substituting  this  back  into  the  expression  for  the  divergence  the 
last  tern  will  be  cancelled  because  t,  k,  a,  and  t are  dirasy  indices. 
Then  the  divergence  becomes 

3Tik  . 1 P 5Fik 

^r-^Fot^r  • 

By  interchanging  the  indices  k and  t or  the  right-hand  side  we  obtain 

3F, 


5Tjk  _ 1 r c‘  ki 
3X 


it,  * 

J<  ?xl 


(III-21) 


The  Dynamic  Force  Density  5- vector  nay  new  be  defined  as 
K = Divs  (T)  . 


Therefore  the  components  of  K are  given  by 

But  the  5- vector  current  density  is  g^ven  by 

?Fki  _ -4t  , 

»l  ~ c k ' 

Thus  the  cocnponents  of  the  5-vectcr  force  density  beetle 

Now,  since  J y = (icp,  0,  0..},  then 

k0  - icJ-r  - osv0i 

_ , _ _ o.  _ 

K = oil  - jr  (u  x 3)1  - — V 
and 

V - y d*V 
• c¥o  - c 

where  0 = ou  . These  then  are  the  components  the  force  density  5-vector 
•'esultino  fro®  a oauGe  f^eld  in  the  Dvnarrc  ”veorv.  these  consonants  reduce 
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to  the  four  components  of  the  Loren^z  force  density  should  VQ  = ? = o. 

With  the  interpretation  that  the  four  force  density  components  with 
subscript  1 through  4 are  the  force  density  vectors  which  appear  in  the 
first  law  as  F^  , then  the  force  density  vector  provides  the  connection 
between  the  first  law  and  the  geometry  of  the  sigma  manifold  discussed  in 
section  II-D-2.  Thus  the  existence  of  the  vec'-  r field  <}>.j  is  also  de- 
manded by  the  Dynamic  Theory  and  need  not  exist  as  a separate  assumption. 

C.  Equation  of  Energy  Flow 

Consider  the  zeroth  component  of  the  Dynamic  force  density 


5-vector. 


3T  . 3T  3T  3T., 

Y ~ ok  _ oo  + Oa  04 

0 3xk  3X°  3xa  3X4 

Then 
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Cl  4 0J  c 3t  C 9xa 

4n 


ax4 


ax1 


or,  since  X4  = y/a0» 


as 


■r.v- j»  4,!i  V i( Ml . 
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Rearranging  the  terms 


div  S + - E-J  - J V + -r-  > 

at  it  o w ay 


while  separating  out  the  electrical  Poynting  vector  leads  to 

div  5.  + If.  = -E*T  - J V - div  Sm  + ilML  . 
E at  4 0 m 4u  3y 


This  then  is  the  5-dimensional  energy  flow  equation. 
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d.  Momentum  Conservation 


The  expression  for  the  conservation  of  momentum  may  be  obtained 
from  the  space  portion  of  the  force  density  5-vector, 


3T 
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3T 


a4 


3x 


3x" 


3X 
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, a ~ 1 , 2,  3 . 
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But  — — • is  the  3-d  divergence  of  the  Dynamic  stress  tensor  {TD},  therefore 

3X° 


+div 


nD,  + fo  _S_[V  E + (V  x U)) 

4ir  3y 


If  we  consider  a volume  in  which  all  the  material  is  contained  and 
outside  of  which  the  field  vanishes,  then  integrating  over  this  volume  yields 
, {Y  4.  1 & ao  3 [VT  + (?  x B)]}dv  = / div{TD)dv  . 

VK  c7  at  " 37  0 v 

The  integral  of  K gives  the  total  force  (i.e;  the  time  derivative  of  the 

mechanical  momentum  p"  less  the  vector  yv”  ). 

/I-B2 


Now  define  the  vector 

<vor * <7  **>  + ) dt  . 

/1-B2 


Then  define 


fy  9 da  = £ 


so  that 

^ (P  + o)  = /vdiv{T°}dv  . 

Using  the  divergence  theorem  the  volume  integral  may  be  converted 
to  a surface  integral  so  that 

^(p  + &)  = /s(TD}  • n da  . 


M ‘ 


1 ■ 


If  the  field  vanishes  outside  of  V,  it  must  do  so  also  on  the  boundary 
surface  s,  hence 

^ (P  + 5)  = o. 

Therefore  it  is  not  the  mechanical  momentum  p"  but  the  quantity  p"  + (T 
which  is  conserved.  Therefore  we  must  interpret  G as  the  momentum  of  the 
field  and 

q . L - mJJV-F  + (V  X 5)]  + 4»yv  )dt 
9 e*  ^ l3y 

as  the  momentum  of  the  field, 
e.  Gauge  Field  Pressure 

The  Dynamic  stress  tensor  is  given  by 

T“6  ■ I tE«EB  + BA  - \\  - 1 S«B  £2  + B2  + V2  - »2» 

" • W [E2  * B2  ' v2>  - ST  vo  ' 

Now  separate  the  3-d  Dynamic  stress  tensor  into  a traceless  and  an 
isotropic  tensor. 

T°  = J-  {E  E + B B - V V.  - l 6 JE2  + B 2 + V2  - V2]} 
ag  4ir  a g a g a 3 2 ag  0 

■ l <EA  + BA  - W - ST  s„6'e2  + b£  + - V21 

■ ^AEbAVV«V-(!)(sA„6[E2+  B2-V2  ] -(y)  (^-)  6ag  [E2+82+3V3-V2  ] 


= ta&  + Tag 


where 


^6  5 TT  (EA  + A - Vs  - <^>5»B[E2  + B2  - V2]) 


* 5 
3 


f ? 
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\ 

I 

L, 


and 


Now 


whi  1 e 


Tae  2 ' <37>  WE2  + B2  + 3Vo  - v2)  • 


tr{taB}  = (^)[E2  + B2  - V2  - (E2  + B2  - V2)]  = o 


V^s1  = -(5?)1E2  + “2  * 3Vo  - v2l  • 


Consider  the  definition 

i t6  Q 5 T ' 0 - - 
3 ag  cig 


+ 82  + 3Vo  - v2>  • 


Then 


and 


t = - (^-)[E2  + B2  + 3V2  - V2] 


ag 


ft  0 0 

0 t 0 

0 0 t 

The  isotropic  part  of  the  stress  tersor  is  usually  called  the  "pressure". 
Therefore  define 
3p  = t 

in  accordance  with  customary  notation,  so  that 
P = - + B2  + 3V2  - V2]  . 

With  the  exception  of  the  factor  of  3 this  reduces  to  the  "radiation 
Dressure"  for  an  electromagnetic  field  when  7 = VQ  = o . 

Note  tnat  this  pressure  may  be  zero  since  it  is  the  sum  and  difference 
of  squares,  or  p = o when 

V2  = E2  + B2  + 3V2  . 

This  may  prove  to  be  an  important  point  when  considering  boundary  con- 
ditions in  cosmology  or  elementary  particles.. 
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C.  QUANTIZATION  IN  FIVE-DIMENSIONS 

The  preceeding  development  provides  a tremendous  wealth  of  mathemati- 
cal abstractions.  However,  there  seems  within  it  no  readily  apparent 
method  of  interpreting  the  new  fields.  If  there  appears  to  be  no  physical 
entity  which  may  be  associated  with  the  new  field  quantities  then  the  develop- 
ment will  have  gone  for  naught.  On  the  other  hand  wit!,  the  notion  of  nuclear 

i 

fields  in  mind  it  seems  that  if  the  new  field  quantities  are  included  in  a 
quantized  picture  then  perhaps  the  relation  to  nuclear  fields  may  be  made. 

In  the  following  the  requirement  for  quantization  is  provided  by  ap- 
propriate restrictions  upon  a system  whose  description  is  taken  from  the 
Dynamic  Theory.  However  the  use  of  the  five-dimensional  Dirac  equation 
has  not  yet  been  shown  to  result  from  the  Dynamic  Theory.  Schrodinger's 
quantum  mechanics  may  be  obtained  using  London's  work,  but  I am  not  aware 
of  a procedure  to  arrive  logically  at  Dirac's  equation  even  though  I feel 
that  the  method  exists.  As  it  now  stands  the  use  of  the  generalized  Dirac 
equation  must  be  accepted  as  an  independent  fundamental  assumption. 

1.  Quantization 

The  system  under  consideration  now  is  a five-dimensional  system 
with  arc  element 

(dq0)2  = f (da)2  . 

Now  since  our  system  is  a Q-conservative,  3Q  = 0,  system  the  principle  of 
increasing  entropy  requires  that  (dq0)2  > 0 so  that  f (do)2  >_  0.  Introducing 

4 

= q2;  x3  = q3;  xk  = . 

ao 

t \ 
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the  quantization  conditions  results  in  . 

/ dxJ  = 2Tiin;  j = 0,  1,  2,  3, 
where  = ± — -n- J- - and  x°  = ct;  x1  = q1;  x2 


---;  ‘wgtsm&pme 


If  we  restrict  ourselves  to  a (do)2  space  which  is  the  local' 

Euclidean  space  then  (do)2  is  the  five-dimensional  Minkowski -type  manifold 
and  using  London's  work  we  would  produce  a five-dimensional  quantum  dynamical 


system. 


2.  Five-Dimensional  Hamiltonian 


We  previously  showed  that  the  principle  of  increasing  entropy 


resulted  in 


6 / y Adq0)2  = 0 


as  the  variational  principle  for  a local  Euclidean  manifold.  Since  multi- 


plication by  a constant  does  not  change  the  problem  we  may  take  our  vari- 


ational problem  to  be 


<5  / y c2  /(dq0)2 = 0 . 


Defining  the  velocity  vector  as  uJ  = —■  and  the  momentum  as  p-  = i = 

dq°  J auJ 


K 

Y ^jku  , where  we  have  used  the  fact  that  q..Vuk  = 1,  then  we  may  form 


the  contra variant  momentum  as 


J = = Jk 


p = 9 pk  = 9 Y 9ke  - 


so  that 


= (y  g,-0uJ)  (gjk  Y %0  U£)  = Y2  U£  g.k  u 


= Y (y  gik  UJ'uk) 


(II 1-22) 


= Y2c2, 


since  yc2  = y gjku^uk.  Equation  ( I 11-22 ) is  the  five-dimensional  "momen- 


tum-energy" equation. 


g • 


We  may  now  follow  London's  procedure  to  obtain  our  wave  function 
for  the  five-dimensional  system.  However  a quicker  way  to  investigate 
the  effect  of  the  Dynamic  Theory  upon  quantum  mechanics  would  seem  to  be 
that  of  adopting  Dirac's  equation  in  a five-dimensional  form  and  following 
a development  analogous  to  standard  four-dimensional  relativistic  quantum 
mechanics.  With  this  in  mind  then  we  shall  adopt  the  form 


L_  _ • / 9 , . 9 , 9 . 9 \ o 

h ■ 1 (“1  sjr  + s2  M2  * a3  + \ ajf)  - 6 


(II 1-23) 


to  be  the  five-dimensional  specific  Hamiltonian  operator.  In  equation  ( I 11-22 ) 
the  ci's  and  e do  not  involve  derivatives  and  must  be  Hermitian  in  order 
that  h be  Hermitian. 

By  taking  the  four  partial  derivatives  in  equation  ( I 11-23)  as  the 
4- vector  momentum  operator  we  may  write 

h = - (o  • p + B).  (II 1-24) 

3.  Five-Dimensional  Dirac  Equation 


If  we  take  p 


> = h 


> and  require  that  the  a's  and  $ are 
chosen  such  that  solutions  of  this  equation  are  also  solutions  of  equation 
( I 11-24)  we  find  the  restrictions  imposed  upon  the  choice  of  the  a's  and 
8 to  be: 

(o  • P)2  = P2 

8*  = 1 (III-25) 

ag  + 8a  =0 

where  natural  units,  c = 1,  are  used. 

A set  of  4 x 4 matrices  satisfying  the  requirements  of  equation 
(III-25)  is 

8 = <0>  «j  - o = 1.  2.  3;  % = rj2.“  ) (III-26) 


rrs 
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where  I is  the  2x2  identity  matrix  and  the  o's  are  the  2x2  Paul i 
spin  matrices. 

Then  the  five-dimensional  Dirac  equation  may  be  taken  to  be 


1 v (x)  » (i  a • V - B)  ¥ (x)  ( II 1-27; 

where  the  v is  a four-dimensional  operator.  By  defining 

Y°  = 6 ; y11  5 - Bau  (u  = 1,  2,  3,  4)  (111-28! 

then  equation  (III -27 ) may  be  written  as 

(i  3,yj  + 1)  V (x)  = 0 . (Ill -29! 

J 


By  virtue  of  the  properties  of  the  o's  and  s plus  the  fact  that 
f 1 for  j = k = 0 
-1  for  j = k = k,  2,  3,  4 
V.  0 for  j i k 
the  anti commutator  of  the  y-matri ces  must  satisfy 


Jk  _ 


= -< 


(yj,  Y1)  2gji  . 

In  standard  representation  the  y-matri ces  are  given  by 

O _ /I  0\  P _ /0  “O,  \ _ -I  n -j  . U _ I’O,  0 \ 

Y “ Vq  _j) > Y gW  * u - 1 , 2,  3,  Y - ( q2  ^ ) • 

4.  "Lorentz"  Covariance 

Under  a five-dimensional  Lorentz  transformation 


x 


k 


we  shall  suppose  each  component  of  the  wave  function  v (x)  transforms 
into  a linear  combination  of  all  four  components; 


V (x)  LT  V'  (x')  = S ? (x) 


(III -30 


where  S is  a Dirac  spinor  satisfying 


S'1  yj  5 = Ljk  Yk  . 


(II 1-31 ) 


By  using  an  infinitesimal  Lorentz  transformation  given  by 
L\  = 9°k  + d0e^k 

where  eJ.  are  a set  of  16  numbers,  then  S( 6)  may  be  shown  to  be  given  by 


e 

S( 8)  = exp  (T  / d6) 
o 


(III— 32) 


where  the  matrix  T is  given  by 

T _ 1 j k 
T‘Tejt”  ' 

Equations  { I 11-30) , (I 11-31 ) and  (III-32)  suffice  to  guarantee  the 
Lorentz  covariance  of  the  five-dimensional  Dirac  equation. 

5.  "Free  Particle"  Sr'utions 

If  we  look  for  solutions  of  equation  (III-30)  which  are  also 
eigen-functions  of  the  operator  pJ  = i3J  then  we  may  write  the  wave  function  as 

V (x)  = w (p)  e~ipjxJ  . ( I 11—33) 

By  substituting  equation  ( I 11-33)  into  equation  ( I 11-30)  we  find  that 
w (p)  must  satisfy 

(PjYj  + 1)  w (p)  = 0 . (HI— 34) 

Using  the  standard  representation  of  the  y-matrices  equation  (III-34) 
may  be  written 


p0  + 1 

1P4 

-P3 

'Pi 

-ip. 

po  + 1 

'Pi  " 1P2 

P3 

P3 

Pi  - iP2 

po  + 1 

-iP, 

Pi  + ip2 

-P3 

+iP4 

-Po 

1 w \ 

1 

w 
w 2 

W3 

iw,( 

= 0 ( I 11-35 ) 


‘ 3 

% 


where  it  is  important  to  remember  that  p.,  p , p and  p represents  minus 

1 2 3 4 

the  respective  components  of  p.  This  set  of  four,  linear,  homogeneous, 
algebraic  equations  has  a nontrivial  solution  only  if  the  determinant  of 
the  square  matrix  on  the  left  hand  side  vanishes.  This  determinant  is 
(pQ2  - p2  - l)2.  Thus  equation  ( I 11-33)  is  a solution  of  the  Dirac  equation 


only  if 

P0  = ± (P2  + 1)1/2  • (II 1-36) 

1/2 

By  defining  e (p)  = (p  + 1)  ' then  equation  (III-36)  becomes 

( I 11—37 ) 

Substituting  equation  (III-37)  into  equation  (III-35)  the  solutions  are 
found  to  be: 

for  pQ  = +e 


pQ  = ± e (p)  . 


Uj  (p)  = N 


IP 


4 

£ + 1 


P3,  \ 

i 

/ Pi  ■ i”2 

e + i 

f E + 1 

p,  + ip. 

U2  (p)  = N 

-p3 

E + 1 

£ + 1 

1 

t 

4 n 

for  pQ  = -e 


v (p)  = N 


1 1 1 

1 St\ 

1 

E + 1 

1 ! 

*P3 

v (p)  = N 

-P  + ip 

1 2 

z + 1 

■P>  - ^3 

P3 

' £ +1 

1 £ + 1 

{111-39} 
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where  N is  a constant. 

Following  standard  quantum  mechanical  procedure  we  shall  adopt  the 
probability  current  density  to  be 

jk  (x)  = ? (x)  Yk  ? (x) 
with  the  requirements: 

(1)  3k  j1  = 0 

L 

(2)  j transforms  as  a contravariant  vector,  and 

(3)  jk  must  be  real. 

We  can  determine  the  normalizing  constant  N by  using  the  fact  that 

3 

m = f y dx 

V 

then  calculating  the  expectation  value  of  the  mass.  Thus 

<m>  = /ytmy  d3x 
v 

where  t represents  the  transposed  car.pl ex  conjugate.  Then  using  any  of 
the  solutions  given  by  equations  (111-38)  or  ( I II— 39)  the  expectation  value 
becomes 

2N2meV 


< m > = 


so  that 


K = <aar> 


(s  + 1 ) 
1/2 


(II 1-40) 


Thus  the  "free  particle"  solutions  of  the  five-dimensional  Dirac 
equation  are  given  by  equations  (111-38)  and  ( I 11-39)  with  the  constant 
having  the  value  given  by  equation  (I I 1-40). 

6.  Spin 

In  the  three-dimensional  space  the  angular  momentum  is  given  the 
vector,  L,  as  the  cross  product  of  the  coordinates  and  momenta.  We  shall 
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then  define  the  angular  4-momentum  to  be  the  four-dimensional  cross  product 


T = eijkxV 

where  x4  is  the  mass  density  and 

0 if  any  two  indices  are  alike 


eijk  = 


1 for  even  Dermutation  to  align  indices  in 
ascending  order 

\ -1  for  odd  permutation  to  align  indices  in 
v ascending  order. 

Then  the  comutator  of  the  components  of  the  angular  4-momentum  with 

the  specific  Hamiltonian  are  not  zero,  for  instance 

tL3,  h]  = iyVp2  - i'yVp1  + i-Vp1  - iyVp1*  + iyVP2  - 1y°y2P4  • 

Now  suppose  there  exists  a 4-spin  vector  ^ such  that  the  sum  of  the 

angular  4-momentum  and  the  4-spin  vector  coimutes  with  the  specific 

Hamiltonian,  then  if  we  define  a new  3-spin  vector  to  be  IT,  given  by  the 

components  u,  = ^ iy^Y1 » u_  = j iyN2*  and  u3  h ^ iyN3*  and  take  the  usual 

spin  vector,  7,  given  by  Si  = j i*y2y3»  s,  = j 1y3y!»  and  s3  = ^ iy!Y2»  the 

consonents  of  the  4-spin  vector  may  be  shown  to  be 


Si  = 


S,  s. 


U2  - u3 


u,  - u 
* 

S,  = s,  + u, 


3 

+ U. 


Su  * si  - s;  * S3* 

In  analogy  with  standard  relativistic  quantum  mechanics  the  eigen- 
values of  the  4-spin  components  can  be  shown  to  be  ± »"  |.  . it  may  also 
shown  that  the  set  of  observables  ?,  h,  and  S * "P”,  where  P is  the  4-raomentum 
and  S is  the  4-spin,  form  a complete  set  of  commuting  observables. 


7.  Dirac  Equation  with  Fields 

In  analogy  with  relativistic  quantum  mechanics  we  take  the  5- 
dimensional  Dirac  equation  to  be 

(II 1—41 ) 


I ( 1 3 - - + 1]  ? = 0 


where  is  5- vector  potential. 


By  operating  on  the  left  with  £ ( i 3 - - - 1]  and  separating 

J J 

into  symmetric  and  anti  symmetric  parts  as 

i k _ 1 , i k.  ,1  r j k,  _ „ik  , jk  /TTT 

Y Y - 2 (y  »Y  i + £ Iy  »Y  1 = 9 + <r  ( III— 42) 

then  equation  (I II -41)  becomes 

I(i3j  - <?j)(i3J  - 9^}  -1  + {-3^3^  + - i6,-Sj_  ' i3-<|>k)  ojk3  ? = 0.  (III-43 


Separating  into  symmetric  and  anti  symmetric  parts  as 
3^k  = 7 <3j*k  * V, ' ? (Sj*k  * Vj5 


and  defining  the  field  tensor  as 


Fjk = ¥k ' Vj 


then  equation  (I 11-43)  becomes 


KiSj  - ?j)(i3k  - $k)  - 1 - \ iFjkojkI  , = 0 . ( 1 11—44) 


Now  since 


U'lillrlfl  #d,lAAu>(l|l||lU 


the  magnetic  moment  of  the  electron  should  be  given  accurately  by  the 
relativistic  Dirac  equation. 

But  suppose  that  nucleons  (i.e.,  protons  and  neutrons)  have  sufficient 
mass  density  change  to  warrant  using  the  fifth  dimension  provided  by  the 
dynamic  theory.  Then  the  nucleons  involve  the  new  field  components  and  we 
should  expect  a different  value  for  the  magnetic  moment  of  a proton.  For 
the  neutron,  which  has  no  electric  charge  we  find  a magnetic  moment  due 
to  these  new  field  components. 

Now  if  we  assume  that  the  difference  between  the  observed  values  of 
the  magnetic  moments  of  the  proton  and  the  neutron  and  the  predicted  values 
of  relativistic  quantum  theory  are  due  to  the  strong  interaction,  or  nuclear 
forces,  then  we  must  connect  the  new  field  quantities  with  the  nuclear  field 
quantities. 

8.  Allowed  Fundamental  Spin  States 

In  the  5-dimensional  quantization  of  the  space-time-mass  manifold 
three  spin  vectors  appear.  One  of  these  is  the  familiar  3 component  spin 
vector  of  relativistic  quantum  mechanics.  The  second  of  the  three  is  a 
new  3 component  spin  vector  while  the  remaining  is  a 4 component  spin  vector. 

Using  the  theorem: 

If  a satisfies  a2  = ^.2  where  a is  a number  then  the  eigenvalues 
of  a are  ± a. 

Then  it  is  not  difficult  to  show  that  the  component  eigenvalues  are, 

&a  - ± % ; ua  = ± *2  ; Sj2  = 3/4  ; o 8 1,  2,  3;  j = 1,2,  3,  4. 

If,  in  analogy  with  the  eigenvalues  for  the  total  angular  momentum,  we  write 

V - 3/4  = sj«sj  + 15 

Then  the  possible  eigenvalues  become 
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For  S = % 

ft 

= ht  42  = h =>  4g  = ^ 

4 = %»  4„  = -%  =>  4 = --2 

3 

41  = -%»  42  = % is  impossible 

4 ~ 4 2 ~ “%  =>  4 g = % . 

For  Sx  = -3/2  only  one  combination  is  possible; 
4j  = u2  = %;  u3  = % . 

For  S2  = -3/2  only  one  combination  is  possible. 

42  — -hi  Uj  — —h j u3  - % . 


For  $3  = -3/2  only  one  combination  is  possible; 

4 3 ” “hi  Uj  — -hi  U2  ~ -h 

For  S4  = -3/2  only  one  combination  is  possible; 

4 1 = ~hi  42  = hi  4 3 = -h  • 

Now  because  S,  is  a combination  of  the  first  terms  of  each  of  the 
components  S , S2,  and  S3  not  all  of  the  above  listed  16  combinations  are 
possible. 

For  S4  = h the  following  combinations  of  (4lS42»  43  j u2,  u3) 
are  possible. 


• » 

(1) 

( h» 

k k • -k  k -k 

75  2 J *25  ^25  *2 

) for  S 

* * 

s 

(2) 

( h. 

l-  k • k _k  k 

*25  *25  *25  *25  *2 

) for  S 

(3) 

( hi 

_k  -k*  k k -k 

*5  *25  *25  *25  '2 

) for  S 

i 

(4) 

{-hi 

•k  k‘  k -k  -1- 

*25  *2 5 *25  *25  '2 

) for  S 

The  remaining  combinations  are: 

(5)  ( -%.  *5»  ->s;  -%.  -*s  ) for  S4  = S3  = -3/2;  Si  ■ S2  = 55 

(6)  (-H,  h*  -hi  h,  h>  h)  for  S4  = S1  = -3/2;  S2  = S3  = H 

(7)  {h>  -h,  -hi  -H,  -*s,  Hi  ) for  S2  = S3  = -3/2;  S1  » S4  = >5 

(8)  (->5,  -%,  hi  -h>  h>  H)  for  Sj  = S3  = -3/2;  S2  = S4  = H 

Thus  tnere  is  an  octet  of  possible  combinations.  There  are  also  some 
obvious  symmetries  in  these  combinations.  An  aid  in  seeing  these  symmetries 
is  the  vector  defined  as  *t  where 

tj  = -(u2  + u3);  t2  = Uj  - u3;  t3  = u2  + u3 
Then  for  each  of  the  eight  combinations  above  we  find  (t.,  t2,  t3) 


given  by 


(1)  =>  t = (0,  0,  0) 

(2)  =>  t = (0,  0,  0) 

(3)  =>  t = (0,  1,  1) 

(4)  =>  t = (1,  1,  0) 


(5)  =>  t = (1,  0,  -1) 

(6)  =>  t = (-1,  0,  1) 

(7)  =>  t = (0,  -1,  -1) 

(8)  =>  t = (-1,  -1,  0)  . 


Thus  the  eight  combinations  correspond  to  four  distinct  t vectors 
which  carry  a + sign.  Or 

t\  (0,  0,  0);  t2  = (0,  1,  1);  t3  = (1,  1,  0):t4  =(1,0,  -1) 

For  + t we  have: 
a 

tj  =>  U;IT)  = {h>  h , V,  h>  -*5) 

t2  =>  (T;u)  = {h,  -h*  ->5;  h,  h>  -h) 

t =>  (I;u)  = (-x2,  -h,  hi  -*s,  -h) 

3 

t„  =>  (4;IT)  = (-l2,  ij,  -hi  -hy  -hy  -h)  . 


; O'  j fro.? 


For  - t we  have: 
a 


-*1 

=>  U;u) 

“ [Hi  Hi  ' 

k * U 

l “Hi  H) 

’*2 

=>  (*;u) 

~ [Hi  “Hi 

*2* 

-Hi  -Hi  H) 

-*3 

=>  (4SU) 

= 1 u* 

V *2*  *2%  *2> 

~Hi  Hi  H) 

=>  (5Ti«J) 

= [~Hi  Hi 

“V, 

Hi  Hi  H)  . 

Now  by  defining  the 

vectors : 

a" 

2 Os,  Hi  h 

z)  ; b = (■ 

->5»  3 

-H) 

c 

- [Hi  ~Hi 

-H)  ; d = 

[Hi 

Hi  -H)  • 

We  may  wri 

te 

=>  (a;u)  = 

: (a;F) 

"*1 

=>  (a;u)  = 

(a;  ■ 

-b) 

t2 

=>  (2T;u)  = 

: (c;cT) 

-t2 

=>  (a;u)  = 

(c;  ■ 

-S) 

*3 

=>  [~S ;u)  = 

(-*;  c) 

-t3 

=>  (a;u)  = 

(-7; 

-c) 

% 

=>  (T;ZT)  = 

= (F;  -a) 

_t4 

= (I;tT)  = 

(F;i) 

The  octet 

is  then  made  up  of 

the  i 

combinations: 

(a;+F);  (c;  +cT) ; (b;  +a);  [-1;  jx) 

# 

I The  appearance  of  octets  for  basic  quantum  numbers  is  reminiscent 

of  elementary  particle  theory.  Thus  the  Dynamic  Theory  seems  to  give 
*'  promise  to  the  hope  of  tying  elementary  particle  to  fundamental  principles 
in  a new  way. 

I 
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D.  MASS  CONSERVATIVE  HYDRODYNAMICAL  SYSTEMS 

The  equation  of  motion  for  the  fifth  dimension,  mSss  density,  appears 
as  a generalization  of  the  principle  of  the  conservation  of  mass.  Further 
in  classical  hydrodynamic  systems  five  equations  in  five  unknowns  are  used. 

It  seems  logical  then  to  expect  the  five  equations  of  motion  appearing  in 
the  five-dimensional  dynamic  theory  to  be  generalizations  of  the  classical 
equations.  An  added  incentive  to  investigate  the  possibility  this  general- 
ization is  gained  when  electromagnetically  contained  ionized  plasmas  with 
mass  conversion  is  considered.  For  if  the  five  equations  are  generalizations 
of  the  classical  hydrodynamic  equations,  then  the  use  cf  the  five-dimensional 
fields  allowing  mass  conversion  should  provide  an  entirely  new  viewpoint  of 
a controlled  fusion  reactor. 

Since  it  is  suspected  that  the  five  equations  of  motion  resulting  from 
the  application  of  the  principle  of  increasing  entropy  to  a thermo-mechani- 
cal system  are  generalizations  of  the  classical  equations,  it  then  becomes 
necessary  to  show  that  this  is  indeed  the  case.  This  seems  possible  by 
restricting  the  system  so  that  it  corresponds  to  the  usual  system  considered. 

First,  from  the  dynamic  approach,  the  manifold  required  for  a descrip- 
tion of  the  system  is  the  five  dimensional  manifold  of  space,  time,  and 
mass  density.  Within  this  manifold  the  continuity  equation  no  longer  holds 
for  the  general  system.  We  can,  however,  restrict  our  system  by  first  re- 
quiring that  the  system  remain  on  a hypersurface  within  the  5 - d manifold. 
For  a system  so  restricted,  any  of  the  five  dimensions  may  be  considered  as 
functions  of  the  other  four.  In  particular,  since  by  custom  in  hydrody- 
namics the  mass  density  is  considered  to  be  a function  of  space  and  time,  we 
may  consider  the  mass  density  to  be  the  variable  chosen  to  be  function  of 


the  others  or 


so  that 


dy  = P-  ) dxa. 

3xa 

Such  a system  will  be  constrained  to  be  on  a hypersurface  embedded 
within  the  5-d  manifold  of  space,  time,  and  mass  density  as  shown  and  upon 
this  hypersurface  will  be  described  in  a four  dimensional  manifold  of 
space  and  time. 

1.  Surface  Geometry 


If  we  further  restrict  our  system  by  requiring  that  the  total  deriva- 
tive of  the  mass  density  to  be  zero  or 


+ grad  y • v = 0 


which  is  the  usual  continuity  equation.  Thus  by  restricting  the  system 
to  this  particular  hypersurface  we  have  constrained  the  system  to  obey 
the  continuity  equation  as  does  a usual  hydrodynamical  system. 

The  importance  of  this  restriction  is  that,  not  only  does  this  re- 
striction place  our  system  within  the  space-time  manifold  where  we  may 
compare  the  resulting  four  equations  of  motion  with  the  equations  of  motion 
in  relativistic  theories  but,  since  the  seven  gauge  field  equations  must 
hold  in  the  five-dimensional  manifold  they  must  also  hold  on  the  hyper- 
surface. This  allows  the  new  field  quantities  to  be  expressed  as  functions 
of  the  F,  S’  fields  and  the  partial  derivatives  of  the  mass  densities. 
Further,  it  appears  that  the  additional  B field  equations  may  be  used  to 
determine  a dependence  of  the  IT  and  F fields  upon  the  mass  density  and/or 
its  changes. 

Then  by  comparing  the  equations  of  motion  obtained  here  for  the  system 
restricted  to  the  mass  conservation  hypersurface  with  the  relativistic 
Navier-Stokes  equations  it  should  be  possible  to  identify  the  viscous  co- 
efficients with  the  field  quantities  and  perhaps  see  how  the  viscosity 
depends  upon  these  fields  as  I feel  it  does. 

Since  we  have  restricted  the  system  to  a hypersurface  here  the  mass 
density  is  a function  of  space  and  time,  then  the  surface  is  defined  by 


five  equations  of  the  type 


0 = x1  (u°,  u1,  u2,  u3) 


(II 1—48) 


Further,  since  x4  = y/a0  and  x4  = x4  (x°,  x1,  x2,  x3),  then  equation 


(I 11-48)  become 


x°  = u°;  x1  = u1;  x2  = u2;  x3  = u3 


(II 1-49) 


3 i 


IWHHE 


and 


x4  = f(u°,  u1,  u2,  u3). 

Since  u°,  u1,  u2  and  u3  are  independent  variables,  the  locus  defined 
by  equation  ( I 11-48)  is  four-dimensional,  and  these  equations  give  the 
coordinates  x1  of  a point  on  the  hypersurface  when  u°,  u1,  u2  and  u3  are 
assigned  particular  values.  This  point  of  view  leads  one  to  consider  the 
surface  as  a four-dimensional  manifold  S embedded  in  a five-dimensional 
enveloping  space.  We  can  also  study  surfaces  without  reference  to  the 
surrounding  space,  and  consider  parameters  u°,  u1,  u2  and  u3  as  coordinates 
of  points  in  the  surface. 

If  we  assign  to  u°  in  { III— 48)  some  fixed  value  u°  = u°0  we  obtain  a 
three-dimensional  manifold 

x1  = x1 (u®,  u*.  u2,  u3),  (i  = 0),  1,  2,  3,  4) 
o 

which  is  a three-dimensional  manifold  lying  on  the  hypersurface  S defined 
by  equations  (III-48).  By  assigning  fixed  values  for  any  three  of  the  four 
hypersurface  variables  we  obtain  a net  of  curves,  on  the  hypersurface, 
which  may  be  called  coordinate  curves. 

Obviously  the  parametric  representation  of  a hypersurface  in  the  form 
of  ( I 11-48)  is  not  unique,  and  there  are  infinitely  many  curvilinear  co- 
ordinate systems  which  can  be  used  to  locate  points  on  a given  hypersurface 
S.  Thus,  if  one  introduces  a transformation 
u°  = u°(u°,  IP,  u2,  IP) 
u1  = uMu®,  IP,  IP,  IP) 

(III— 56) 

u2  = U2(IP,  IP,  U2,  u3) 
u3  = U3(IP,  IP,  u2,  IP) 

where  the  u0(IP,  IP,  IP,  IP)  are  of  class  C1  and  are  such  that  the  Jacobian 


^/nO  y 1 h2  y3^ 

d = ■ — — * - does  not  vanish  in  some  region  of  the  variables 

3(lT°,  u1,  u2,  u3) 

u°,  then  one  can  insert  the  values  from  (III-50)  in  (III-48)  and  obtain 
a different  set  of  parametric  equations. 

x1  = fV,  u1,  u2,  u3)  ( 1 11—51 ) 

defining  the  hypersurface  5.  Equation  ( I 11—50)  can  be  looked  upon  as 
representing  a transformation  of  coordinates  in  cne  hypersurface, 
a.  First  Fundamental  Quadratic  Form 

The  properties  of  hypersurfaces  that  can  be  described  with- 
out reference  to  the  space  in  which  the  hypersurface  is  embedded  are  termed 
"intrinsic"  properties,  A study  of  intrinsic  properties  is  made  to  depend 
on  a certain  quadratic  differential  form  describing  the  metric  character 
of  the  hypersurface.  We  proceed  to  derive  this  quadratic  form  for  our 
restricted  system. 

It  will  be  convenient  to  adopt  certain  conventions  concerning  the 
meaning  of  the  indices  to  be  used.  We  will  be  dealing  with  two  distinct 
sets  of  variables:  those  referring  to  the  5-dimensional  space  in  which  the 
hypersurface  is  embedded  (these  are  five  in  number)  and  with  four  coordinates 
u°,  u1,  u2  and  u3  referring  to  the  four  dimensional  manifold  S.  In  order 
not  to  confuse  these  sets  of  variables  we  shall  use  Latin  letters  for  the 
indices  referring  to  the  space  variables  and  Greek  letters  for  the  hyper- 
surface variables.  Thus  Latin  indices  will  assume  values  0,  1»  2,  3,  4 and 
Greek  indices  will  have  the  range  of  values  0,  1,  2,  3.  A transformation  T 
of  space  coordinates  from  one  system  to  another  Twill  be  written  as 

T = x1  = x'ix0,  x1,  x2,  x3,  x1*); 
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a transformation  of  Gaussian  hypersurface  coordinates,  such  as  described 
by  equations  ( I 11-50)  will  be  denoted  by 


uQ  = ua(JP,  IP,  U2,  IP). 

A repeated  Greek  index  in  any  term  denotes  the  summation  from  0 to  3;  a 
repeated  Latin  index  represents  the  sum  from  0 to  4.  Unless  a statement 
to  the  contrary  is  made,  we  shall  suppose  that  all  functions  appearing  in 
the  discussion  are  of  class  C2  in  the  regions  of  their  definitions. 

Consider  the  hypersurface  S defined  by 

x1  = x^u0,  u1,  u2,  u3},  (III-52) 

wnere  the  x1  are  coordinates  covering  the  5-dimensional  space  in  which 
the  hypersurface  S is  embedded,  and  a curve  C on  S defined  by 

U*1  = Ua{x),  Tj  £ x < t2  (111-53} 

where  the  ua,s  are  the  uaussian  coordinates  covering  S.  Viewed  from  the 
surrounding  space,  the  curve  defined  by  (III-53)  is  a curve  in  a five- 
dimensional manifold,  which  we  shall  assume,  for  the  present,  is  Riemannian 
entropy  manifold  of  the  Dynamic  Theory  , and  its  element  of  arc  is  given 
by  the  formula 


(aqG)2  = g..  dx1  dxJ 

• J 

From  (III- 52)  we  have 

dxj  = ^ du“ 

3U° 

where,  as  is  clear  from  (II 1-53} 


(II 1-54} 


(II 1—55) 


j„a  . uu  . 
dii  = dT 

Substituting  from  (III —54)  and  (III-55),  we  get 

{dqo)2  = : wi  Hi  du» 

3Ua  3U8 
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where 


= A „ du°  du8 


A = q 9x1  5x3 

“8  ' 3u°  3uS 


{II 1—56) 


The  expression  for^q0)2,  namely 


(dq°)2  = Aag  du°  du8 


( 1 11—57 ) 


is  the  square  of  the  linear  element  of  C lying  on  the  hypersurface  S, 
and  the  right  hand  member  of  (III-57)  can  be  called  the  First  Fundamental 
quadratic  form  of  the  hypersurface.  The  length  of  arc  of  the  curve  is 


given  by 


q°2  - q°1  = / y / Aag  u*  u3  dt. 


• a 

where  ua  = and  q°  is  the  specific  entropy.  The  total  change  in  the 
entropy  along  the  curve  C would  then  be 


y(q°2  - q0j)  = / y ^A  u*  uB  dx 


( I 11—58) 


Consider  a transformation  of  surface  coordinates 


ua  = ua(IP,  IP,  u2,  I P) 


i Aua 

with  a non- vanishing  Jacobian  J = ~v 

3lr 


( III— 59) 


It  follows  from  (I I 1-60)  that 


du°  = di*  , 
si* 

and  hence  (III-57)  yields 


(dq»)2  = A di* 

aB  alP  air5 
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If  we  set 

A . = A „ *L- 
y°  aS  3^  sS5 

we  see  that  the  set  of  quantities  A . represents  a symmetric  covariant 
tensor  of  rank  two  with  respect  to  the  admissable  transformations  (III-59) 
of  hypersurface  coordinates.  The  fact  that  the  A ^ are  components  of  a 

ap 

tensor  is  also  evident  from  (I 11-57),  since  (dq0)2  is  an  invariant  and  the 
quantities  Aag  are  symmetric.  The  tensor  Aag  is  called  the  covariant  metric 
tensor  of  the  hypersurface. 

Since  the  form  (III— 57)  is  positive  definite;  the  determinant 

A ■ jAafiJ  » 0 

and  we  can  define  the  recip-ocal  tensor  AaB  by  the  formula  AaS  A.  = . 

PT  T 

The  properties  of  surfaces  concerning  the  study  of  the  first  funda- 
mental quadratic  form 

(da0)2  = A dua  duD 
ap 

constitute  a body  of  what  is  known  as  the  "intrinsic  geometry  of  surfaces." 

They  take  no  account  of  the  distinguishing  characteristics  of  surfaces  as 

they  might  appear  to  an  observer  located  in  the  surrounding  space.  Two 

surfaces,  a cylinder  and  a cone,  for  example,  appear  to  be  entirely  different 

when  viewed  from  the  enveloping  space,  and  yet  their  intrinsic  geometries 

are  completely  indistinguishable  since  the  metric  properties  of  cylinders 

and  cones  can  be  described  by  the  identical  expressions  for  square  of  the 

element  of  arc.  If  a coordinate  system  exists  on  each  of  the  two  surfaces 

such  that  the  linear  elements  on  them  are  characterized  by  the  same  metric 

coefficients  A .,  the  surfaces  are  called  "isometric." 
aB 
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Thus  if  our  description  of  the  restricted  system  is  done  only  in 
terms  of  the  intrinsic  geometry  of  the  hypersurface  we -may  lose  sight  of 
features  which  may  characterize  our  system  when  viewed  from  the  enveloping 
space.  Therefore,  in  order  to  characterize  the  shape  of  the  surface  we 
must  develop  a ew  which  involves  the  enveloping  space, 
b.  Second  Fundamental  Quadratic  Form 

An  entity  that  orovides  a characterization  of  the  shape  of  the 
surface  as  it  appears  from  the  enveloping  space  is  the  normal  line  to  the 
surface.  The  behavior  cf  the  normal  line  as  its  foot  is  displaced  along 
the  surface  depends  on  the  shape  of  the  surface,  and  it  occurred  to  Gauss 
to  describe  certain  properties  of  surfaces  with  the  aid  of  a quadratic  form 
that  depends  in  a fundamental  way  on  the  behavior  of  the  normal  line.  Before 
we  introduce  this  new  quadratic  form  let  us  recall  the  definition  (IIX-56), 


A,  = g„  (i » 5 = o,  1,  2,  3,  4)  (a,  S * 0,  1,  2,  31. 

aB  anc  an8 

3U  3U  (111-55) 

We  note  that  the  foregoing  formulas  depend  on  both  the  Latin  and  Greek 
indices,  and  we  recall  that  the  Latin  indices  run  from  0 to  4 and  refer  to 
the  surrounding  space,  whereas  the  Greek  indices  ass ixse  values  0,  1,  2, 
and  3 and  are  associated  with  the  embedded  hypersurface.  Furthermore,  the 
dx1  and  g-.'s  are  tensors  with  respect  to  the  transformations  induced  on 

* v 

the  space  variables  x1,  whereas  such  quantities  du°  and  A^  are  tensors  with 
respect  to  the  transformation  of  Gaussian  surface  coordinates  ua.  Equation 


(III-56)  is  a curious  one  since  it  contains  partial  derivatives. 


3x  • 
3UC 


depending  on  both  Latin  and  Greek  indices.  Since  both  and  g-j  in 
(I 11-56)  are  tensors,  this  formula  suggests  that  can  be  regarded 

3UC 


134 


either  as  a contravarlant  space  vector  or  as  a covariant  surface  vector. 
Let  us  Investigate  this  set  of  quantities  more  closely. 

Let  us  take  a small  displacement  on  the  hypersurface  S,  specified  by 
the  surface  vector  dua.  The  same  displacement,  as  is  clear  from  (III-55), 
is  described  by  the  space  vector  with  components 


dx1  = is. 
3U° 


du“. 


(II 1-60) 


The  left-hand  member  of  this  expression  is  independent  of  the  Greek  Indices, 
and  hence  it  is  invariant  relative  to  a change  of  the  surface  coordinates 
ua.  Since  dua  is  an  arbitrary  surface  vector,  we  conclude  that 


3X 

3U° 


(III-61 ) 


is  a covariant  surface  vector.  On  the  other  hand,  if  we  change  the  space 
coordinates,  the  dua,  being  a surface  vector,  is  invariant  relative  to  this 
change,  so  the  (III-61)  must  be  a contravariant  space  vector.  Hence  we  can 
write  (III-61)  as 

J - ax1 


a . a 
3u 


(III -62 ) 


where  the  indices  properly  describe  the  tensor  character  of  this  set  of 
quantities. 

Let  R and  S’  be  a pair  of  surface  vectors  drawn  from  some  point  P of  S. 


.U'  ! 
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Then  using  (III-62)  they  can  be  represented  in  the  form 


A1  = x1  A“  ; 
a 


B1  = X1  Ba . 


(II 1-63) 


The  5-d  vector  product,  defined  by 


Nk  = + ekij'  A.B.  (II 1-64) 

' J 

is  the  vector  normal  to  the  tangent  plane  determined  by  the  vectors  F 
and  B”,  and  the  unit  vector  F perpendicular  to  the  tangent  plane,  so 
oriented  that  A,  B,  and  F form  a right  handed  system,  is 


n 


ek(;i  A,.  B. 

I' 


( I 11-65) 


We  call  the  vector  F the  unit  normal  vector  to  the  nypersurface  S 
at  P.  Clearly,  F is  a function  of  coordinates  (u°,  u1,  u2,  u3),  and,  as 
the  point  P (u°,  u1,  u2,  u3)  is  displaced  to  a new  position  P(u°  + du°, 
u1  + du1,  u2  + du2,  u3  + du3),  the  vector  F undergoes  a change 


dF  = — dua 
3ua 

whereas  the  position  vector  F is  changed  by  the  amount 
dr  = £ dua. 

3Ua 

Let  us  form  the  scalar  product 

dF  • dr  = du“  du^, 

8u“  3U6 


If  we  define 


1 /3n 


so  that  (HI-67)  reads 


3r  + 3n_  t 3r_x 
3ue  3ug  3u° 


dn  • dr  = - b „ dua  duB 


(II 1-66) 


(II 1-67 ) 


(II 1-68) 


M 

& 


ft  ' 


m ■ 


m 


m 


the  left-hand  member  of  (III -68) , being  the  scalar  product  of  two  vectors 
in  a Riemannian  space  by  being  in  the  entropy  manifold,  is  an  invariant; 
moreover,  from  symmetry  with  respect  to  a and  $,  it  is  clear  that  the 
coefficients  of  dua  due  in  the  right  hand  member  of  (II 1-68)  define  a co- 
variant tensor  of  rank  two.  The  quadratic  form,  called  the  second  funda- 
mental quadratic  form  of  the  hypersurface, 

B = b . dua  du3  (II 1—69) 

Ctp 

will  be  shown  to  play  an  essential  part  in  the  study  of  hypersurfaces  when 

they  are  viewed  from  the  surrounding  space,  just  as  the  first  fundamental 

quadratic  form  A = dr  • dr,  or 

A = A dua  due 
a3 


did  in  the  study  of  intrinsic  properties  of  a hypersurface. 

We  can  rewrite  the  formula  ( I 11-65)  in  terms  of  the  components  x1 
of  the  base  vectors  a"  . We  denote  the  contravariant  components  of  rf  by 
n1  and  observe  that  its  covariant  components  n^  are  given  by 


e k*  Bk 
ft  B sin  e 


(III-70) 


and 


i 


m 


fetF  t J| 

Ik  | 

fr  & 


A B sin  0 = e 0 Aa  Ag. 
a6 

Substituting  in  ( 1 1 1-70)  from  ( 1 11-63)  and  (II 1-71 ) , we  get 


(II.t-71) 


<"l  ectS  - njk  < *k6>  A“ sB  * 0 

and,  since  this  relation  is  valid  for  all  surface  vectors,  we  conclude 
that 


ni  eaB  = eijk  X^a  * p* 


(III -72 ) 


Multiplying  (111-72)  through  by  e“e,  and  noting  that  eaSeag  = 2,  we  get 
the  desired  result 
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( II 1-73) 


n = 1 j k 

ni  2 e Gijk  x a x g * 

It  is  clear  from  the  structure  ''..s  formula  that  n..  is  a space 
vector  which  does  not  depend  on  the  -oice  of  surface  coordinates.  This 
fact  is  also  obvious  from  purely  -ometric  considerations. 

C.  Tensor  Derivatives 

We  wish  to  reduce  the  second  fundamental  quadratic  form  (I 11-69) 
analytically  by  the  operation  of  tensor  differentiation  of  tensor  fields 
which  are  functions  of  both  surface  and  space  coordinates.  To  do  this  we 
shall  first  present  the  concept  of  tensor  differentiation  introduced  by 
A.  J.  McConnell 

Let  us  consider  a curve  C lying  on  a given  hypersurface  S and  a vector 
A1  defined  along  C.  If  t is  a parameter  along  C,  we  can  compute  the  in- 
trinsic derivative  of  A^,  namely. 


SA1  _ dA1 


6t 


w*  + ; i ] a J dx 

dt  g{jk}  A TT 


( 1 11-74) 


In  formula (II 1-74  the  Christoffel  symbols- 1 -m,)  refer  to  the  space  co- 

g J 

ordinates  x1  and  are  formed  from  the  metric  coefficients  g^.  This  is 
indicated  by  the  prefix  g on  the  symbol.  On  the  other  hand,  if  we  consider 
a surface  vector  Aa  defined  along  the  same  curve  C,  we  can  form  the  in- 
trinsic derivative  with  respect  to  the  surface  variables,  namely. 


6Aa  _ dAa  , , a , d 

It  3“  + _{6y}  A 1 


au1 

IT 


(III -75 ) 


In  this  expression  the  Christoffel  symbols  { are  formed  from  the  metric 
coefficients  aag  associated  with  the  Gaussian  hypersurface  coordinates  ua. 


(i) 


A.  J.  McConnell,  Absolute  Differential  Calculus,  Chapter  XIV  - XVI 
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A geometric  interpretation  of  chese  formulas  is  at  hand  when  the  fieles  A1 


and  A"  are  such  chat  -^~  = 3 and  -Pf-  = G.  In  tne  first  equation  the 
vectors  A1  font  a parallel  field  with  respect  to  C,  considered  as  a space 
curve,  whereas  the  equation  - C defines  a parallel  field  with  respect 
to  C regarded  as  a surface  curve.  The  corresponding  formulas  for  the  in- 


trinsic derivatives  of  the  covariant  vectors  A.  and  A are 

i a 


= dAi  _ , k , , dxj 

6t  ax  *lij*  A'k  Ux 


(II 1-76) 
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6x  dx 
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duf 


{ v. } A -t — * 
Y dx 


(II 1-77) 


Consider  next  a tensor  field  T*  , which  is  a centra variant  vector 

a 

with  respect  to  a transformation  of  space  coordinate  x1  and  a covariant 
vector  relative  to  a transformation  of  surface  coordinates  u°.  An  example 

-w'i 

of  a field  of  this  type  is  the  tensor  x^1  = introduced  earlier.  If 


( ; 


_ 1 
T‘ 
a 

-i 


C>*t 


‘ is  definea  over  a surface  curve  C,  and  the  parameter  along  C is  x,  then 
T1  is  a function  of  x . We  introduce  a parallel  vector  field  A-  along  C, 
regarded  as  a space  curve,  and  a parallel  vector  field  3a  along  C,  viewed 
as  a surface  curve,  and  form  an  invariant 

v\,x;  - l r..-b 
a < 

The  derivative  of  o(x)  with  respect  to  the  parameter  x is  given  by  the 
expression 


, , a i ‘ 

57=-3f¥^T‘ 


tH- 


- ■)  r^a 

n_  B~  T T1A.-  , 

a Gi  ct  i Gt 


(II 1-78) 


which  is  obviously  an  invariant  relative  to  both  the  space  and  surface 
coordinates.  But,  since  the  fields  A.-(x)  and  Ba(x)  are  parallel. 


i s 


4 **■ 


L.V. 

ifc 


1 39 


1 • (‘WiRW 


(II 1-82 ) 


3T 


— + ( 1 > pi x^  - f 5 > T1  - / ^ \ T i 
,Y  g{jk}  aSXy  &V  T6B  &W  afi  * 


aS,Y  3U, 

If  the  surface  coordinates  at  any  point  P or  S are  geodesic,  and 
the  space  coordinates  are  orthogonal  cartesian,  we  see  that  at  that  point 
the  tensor  derivatives  reduce  to  the  ordinary  derivatives.  This  leads  us 
to  conclude  that  the  operations  of  tensor  differentiations  of  products  and 
sums  follow  the  usual  rules  and  that  the  tensor  derivatives  of  g-^, 

Aag,  eag  and  their  associated  tensors  vanish.  Accordingly,  they 

behave  as  constants  in  the  tensor  differentiation. 

The  apparatus  developed  in  the  preceeding  section  permits  us  to  obtain 
easily  and  in  the  most  general  form  an  important  set  of  formulas  due  to 
Gauss.  We  will  also  deduce  with  its  aid  the  second  fundamental  quadiatic 
form  of  a surface  already  encountered. 

We  begin  by  calculating  the  tensor  derivative  of  the  tensor  x^, 
representing  the  components  of  the  surface  base  vectors  eT  . We  have 


x1  = 32x1 


aB  3U°3ue  g 
from  which  we  deduce  that 


+ Ah  xix*  - {*}  x! 


■jk'  a b 


aBJ 


a, 3 


= Y * 

3,a  ’ 


( I 11—83) 


(II 1—84) 


Since  the  tensor  derivative  of  a 0 vanishes,  we  obtain,  upon  differentiating 

Ctp 

the  relation 

(II 1-85 ) 


A = g.  • x^j! 
aB  a p 


Sii  xl  + 9,-,-X1  X1  X’J  = 0. 
10  a,Y  B 1J  a a B,Y 


( I 11-86) 
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Interchanging  a,$,Y  cyclically  leads  to  two  formulas: 


1 

I 

J 

* 

i 

i 


+ 


A 


(1 1 1-87) 


«ij  4,8  4 + hi  4 4,6  - ° • i”1-88) 

If  we  add  (II 1-87 ) and  ( I 11-88) , subtract  ( I 11-86) , and  take  into 
account  the  symmetry  relation  (III-84),  we  obtain 

9,-j  4,6  4 - 0 • (II,-89) 

This  is  the  orthogonality  relation  which  states  that  x1  . is  a space 

ci»6 

vector  normal  to  the  surface,  and  hence  it  is  directed  along  the  unit 
normal  n1.  Consequently,  there  exists  a set  of  functions  bQg  such  that 

4,8  ■ ba6  »’  <In-9« 

The  quantities  bQg  are  the  components  of  a synmetric  surface  tensor,  and 
the  differential  quadratic  form 

6 = bQg  dua  du6  (I 11-91) 


is  the  desired  second  fundamental  form. 

• i i A i 

Now  since  n^  n = 6^,  and  n^  = g^.  n''  then 


A i i 
b = g..  x „ nJ 
aB  ylj  a,B 


but  since  x^  xj$  then 


_ 1 Y$ 


j vk 


3aS  = 7 e rijk  Xa,B  \ *<5  * 


(III— 92) 


We  now  have,  in  equations  (I 11-56)  and  (III-92),  the  formulas  necessary 


to  determine  the  first  and  second  fundamental  quadratic  forms  for  our 
system  constrained  to  a four-dimensional  hypersurface.  Since  our  objective 


1 


t . 


is  to  show  that  by  appropriately  constraining  our  system  we  arrive  at 
the  Navier-Stokes  equations.  Let  us  determine  the  first  fundamental  qua- 
dratic form. 

First  recall  that  our  system  was  restricted  so  that  x4  = x4(x°,  x1, 
x2,  x3),  or  the  mass  density  is  a function  of  space  and  time,  then  we  have 
the  relations 

x°  = u° 
x1  = u1 
x2  = u2 
X3  = u3 

X4  = f(x°,  X1,  X2,  X3)  = f(u°,  u1,  u2,  u3) 

Since  equations  ( I 11-56)  are 

A =g  3*1 1*1  = g x1  xj 


( 1 11—93) 


tnen 


where 


aB  1J  3ua  3UB  1J  ° 3 


Aoo  " 900  + 2go4  "fg  + 944  (^0)2 


f ■-£- 

0 3u° 


iM 


In  a similar  fashion  we  may  determine  the  remaining  coefficients  so 

that 

900+2904^0+S44^1V?  9oi"*"^904^l"*  "^44^0^1  902+2904 V'944'V2  903+2904^3+944f  3^ 

901+^904^1+944^0^1  gil+29l4fl+944(fl)2  9i2+2914^  i+9i*4^ 2 913+2914'f3+944'f1'f3 

9q2+29o4^2+944^0^2  9l2+29l4^2+944^1^2  922+2924^2+944 (^2 ^ 923+2924^ 3+944^2^3  ■ 

I 

903+2904f3+944f0f3  9l3+29l4f3+944flf3  923+2924f 3+944f2f 3 923+2934? S+W? 3>1 

( I 11—94) 


143 


AaS  " Sa8  + ha6  * «.B  “ 0.  1,  2,  3 


Obviously  from  this  determination  we  may  write  the  metric  coefficients 
of  the  first  fundamental  quadratic  fonn  as  the  sum  of  two  tensors,  or 

(II 1-95) 

when  the  hcg  are  functions  of  -he  partial  derivatives  of  the  mass  density 
with  respect  to  space  and  time  in  addition  to  space  and  time  from  the  g-4 
where  i = 0,  1,  2,  3,  4. 

Though  we  may  use  equations  (II 1-92)  to  determine  the  metric  coefficients 
for  the  second  fundamental  quadratic  form,  it  is  not  necessary  for  the 
current  presentation. 

The  hypersurface  which  is  embedded  in  the  five-dimensional  space  is 
a four-dimensional  curvilinear  space-time  manifold.  Thus  the  relativistic 
hydrodynami cal  equations  are  applicable  here  so  long  as  the  metric  co- 
efficients are  determined  as  coefficients  of  the  hypersurface  quadratic 
form. 

The  complete  energy-momentum  tensor  for  a fluid  in  a flat  Riemannian 
space-time  manifold  is  given  by^ 

Tag  = v Ga£B  + £ (GaGg  - gaS)  (III -96) 

• j..oe 

where  ua  = , s is  the  arc  length.  Then  based  upon  this  energy-momentum 

tensor  the  flow  of  a fluid  under  the  effect  of  its  own  internal  pressure 
force  is  given  by  setting  the  divergence  of  (I 11-96)  equal  to  zero,  or 

Ta6,g  = 0.  ( I 11-97 ) 

If  we  reduce  equations  (III-96)  to  the  non-relativisitic  limit  the 
use  of  ( I I I - 97 ) gives  us 


9^  r!  = T®  ’ - 1,  2,  3 

ac,o  a 


(I I 1-98) 


(1)  R.  Adler,  M.  Bazin,  and  M.  Schiffer;  Introduction  to  General  Relativity, 
pg  337,  McGraw-Hill,  2nd,  1975 
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where  t08  = Pga8  is  the  three  dimensional  stress  tensor  of  an  ideal  fluid. 

If  in  equation  ( I 11-96)  we  use  the  fact  that  the  metric  coefficients 
for  the  hypersurface  may  be  written  as  the  sum  of  (III-95)  then  we  have 

T«e  = y uau8  + |r  (uau8  - ga8  - h°8}  (III-99) 

where  it  must  be  remembered  that  the  iiau8  are  also  dependent  upon  this  same 
sum.  In  the  non-relativistic  limit  the  effects  of  this  sum  of  metric  tensors 
appears  as  a sum  in  the  stress  tensor 


t“8  = _ pg“B  _ PhaS  ; o,p  = 1,  2,  3 ( III— 100) 

Recall  that  the  ga3  refer  to  the  three-dimensional  space  viewed  from 
the  five-dimensional  manifold.  The  haB,  however,  contain  the  information 
about  the  surface  embedded  in  the  five-dimensional  space.  If  we  then 
associate  the  tensor 


taB  = - PhaB 


(III-101) 


with  the  viscous  stresses  this  is  saying  that  the  viscous  stresses  depend 
upon  the  geometrical  character  of  the  hypersurface. 

In  the  limit  of  small  displacements  we  write  the  strain  velocity 
tensor  as 


he  ’ 7 (va,s  + V*1' 


(III-102) 


then  the  first  order  coefficients  of  viscosity  are  related  to  the  strain 


velocity  tensor  and  viscous  stresses  according  to 
„a86n 


t“B  = £. 


<v6,n  + vn,S) 


(III-103) 


If  we  then  use  (III-101)  in  (III-103)  we  find  that  the  relationship  between 
the  geometric  character  of  the  hypersurface  and  the  viscous  coefficients 
is  given  by 


1 

II 

1 
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(III-104) 


-Ph 


_ q ra86n 

6 = — (v.  + vn  J 

2 6 jH  n $ 6 


Equations  (III-104)  then  expresses  the  functional  dependence  of  the 
viscous  coefficients  upon  the  strain  velocities,  pressure,  mass  density 
and  their  derivatives. 

2.  Relativistic  Hydrodynamics 

By  viewing  classical  hydrodynamics  to  be  given  by  the  embedding 
of  a four-dimensional  hypersurface  within  a five-dimensional  manifold,  the 
association  (III-104)  between  the  geometrical  properties  of  the  hypersurface 
and  the  viscous  coefficients  could  be  tentatively  made.  We  may  now  go  back 
and  develop  this  relationship  more  completely. 

The  hypersurface,  which  becomes  embedded  in  the  five-dimensional  mani- 
fold by  the  restriction  that  x4  = x4(x°,  x1,  x2,  x3),  is  a four-dimensional 
relativistic  manifold.  Thus  for  the  surface  we  may  use  the  relativistic 
energy  momentum  tensor,  which  is 


Tvv  = T uV  + £ (uV  - gvv) 


(III-105) 


where  uu  = and  u,  v = 0,  1,  2,  3.  The  divergence  of  (III-105)  yields 
the  flow  equations  for  a fluid  under  the  effects  of  its  own  internal  pressure. 

However,  from  the  viewpoint  of  the  Dynamic  Theory,  the  surface  metric 
coefficients  may  be  written  in  terms  of  the  metric  coefficients  of  the 
first  four  space  coordinates  as  given  by  equations  ( I 11-95)  and  (III-96),  or 

( I 11—96) 


Aae  ' 9aB  + h*8  ; 


a,  $ = 0,  1 , 2,  3. 

Thus  the  square  of  the  arc  length  for  the  entropy  manifold  may  be  written  as 


(dq0)2  = A_0dx°  dxS  = g^0  dxa  dxe  + hag  dxa  dx6 


af5 


aS 


or,  if  ua  = then 
dg 
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1 = A 0 uaue  = g Q uauB  + h 0 uauB 
a3  a3 

then  on  the  hypersurface  the  energy  momentum  tensor  would  become 


T°6  = y uV  + -L  (u“u6  - AaS) 


(III-1C6) 


T“6  = y uV  + X-  (uau6  - - haS) 


(III-107) 


Since  the  surface  coordinates,  xa,  are  the  same  as  the  first  four 
coordinates  of  the  surrounding  space  then  the  velocities  ua  are  the  same 
whether  considered  as  surface  or  space  vectors.  The  difference  between 
the  surface  view  and  a four-dimensional  space  view  appears  in  the  metric 
coefficients.  Thus  while  the  square  of  the  arc  element  on  the  surface  is 
unity  the  square  of  the  arc  element  in  the  surrounding  space  is  not,  or 

1 = Aoe  u“u8 


a 3 -i  , a fi 
9aS  U U 1 ' ha3  U “ • 

3.  Classical  Hydrodynamics 

Suppose  we  consider  g to  be  a flat  space  then  because  of  (I 11-107) 

OP 


we  may  write 


T°S  = y uaue  + Jj-  (uV  - ga8)  - Jr  hoS 


(I I 1-1 08) 


If  we  then  form  the  space  divergence 


j-0\>  _ 1 d 

lv  C 3t 


, P . °°  S . u“  P ua  0a  _ 

{Y-_n  ,YT+^(T-h  >1-0 


this  may  be  written  as 


Jiff*  V • (r7)l  - Jr  iMH  + V . (P  v)  - JrV  • {Ph"0)  = 0 
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where  h~  has  components  h°a  ; a = 1,  2,  3. 
Therefore 


|l+v.  (y  v)  = - 1 ? • (P  v)  + ? • (Ph 


)3 


3t  c • v*  w#  1 it"  - VO' 

so  that  if  hv  is  a four- vector  with  components  hCv  = hv,  then 

If  + 7 . (y  v)  = - ^ 7 P - V - | Va,a  + ir  (PhV),v  (III-109) 

The  regaining  components  of  the  divergence  ere  given  by 


Tav,  *ij>  { 4 1*0’. 

Iv  C 3c  C Ci  C2  ' 


3X 


, v“v3 
0 1Y“P“ 


P /V°vs  , .es^ 


c7  ’“c 


+ c 


£h“-  m n 
0 


which  may  be  rearranged  to  read 


Tf^-*v.v,»]  = -^-v»[|ltv.  (rV) 


j • T 


1 3(?hc°)  . 3{PhaS) 

c n ' 3X3 


3 t.B(P.v_l  + - . (p  vc  v )] 

c u 


(in-no) 


If  we  look  at  the  non-relativistic  limit  then  by  neglecting  the  terms 
P(v/c)  we  get 

W + V • (T  = Jr  + ? . (Ph-0)). 

The  multiplicative  factor  on  the  right  hand  side  suggests  that 


|X  * v • (y  v)  = 0, 


(Ill-Ill) 


which  is  the  assumption  we  choose  to  place  our  system  on  a particular  surface 
which  corresponds  to  a classical  system  where  conservation  of  mass  is 
assumed.  Therefore,  on  a curve  specified  by 


on  the  surface  we  must  then  have 


ri£  + v . V v"!  B . JL  + 1 l + A(P.ha3) 

*■  V \ V J „ r Q 


3Xa  C 3t 


3P  + 1 3(Pha0)  , 3(Phae) 


,a  C 3t 


Thus  if  we  write 


a _ aB 
y a = x 


(III-112) 


= . 9P_+  Il(PhH+  ;e  = 1,  2,  3. 

3x  3 


(111-113) 


where  t°3  = - Pga3  + Phaf3  = - P(ga3  - ha0). 

The  term  1 ^ has  been  neglected  in  (II 1-11 4). 


(III-114) 


If  we  now  associate  the  geometrical  properties  of  the  surface  con- 
tained within  the  h“3  with  the  coefficients  of  viscosity,  we  find  that 


t°3  = Phae  = Ca3pv  e 


(III-115) 


a raByv 

ha3  = — (v  + V ). 
2P  y,  v v,  y' 


(III-116) 


For  a fluid  which  is  homogeneous  «nd  isotropic  the  number  of  inde- 


pendent coefficients  of  viscosity  reduces  to  two  and 
ta3  = Pha3  = a vy,  ga3  + 2 y iaf?. 

Then,  for  u = vv,v  = gnv  env 


(III-117) 


Ph  = t = A u g . + 2y  e . 
a3  aB  aB  aB 


(III-118) 


t „ = -Pg_0  + * W g_o  + 2y  e 


and 


(III-119) 


The  equations  of  motion  (1 1 1-1 13)  then  becomes 


_ _ *nv 

y a Bg  t * 
a J an,v 


so  that 


Y “a  ' ' P + 11  ^ Va,nv  + <X  + »)  «, 


(III-120) 


(III-121) 


which  Is  Navler's  equations  of  fluid  motion  for  a fluid  subject  to  Its 
Internal  pressure  P. 

In  terms  of  the  geometrical  properties  of  the  surface  equations  (III-121) 
become 

- ;ev 


(-p3Sv  + PhBv) ,« 


* - P + P gBv  h.  + Pgpv  h. 

»a  ,a  8v  3 Bv,a 

= -(1  - g0*  hfl  ) P + Pg0v  hfl 

3 Bv  ,a  s 0v,a* 


IBv 


(III-122) 


Stokes  Introduced  the  hypothesis  that  the  mean  pressure  In  a viscous 
fluid  is  given  by  P = - | gQg  t010  just  as  for  fluids  at  rest.  This 
assumption  puts  restrictions  upon  the  surface  since 


therefore 


PhaB  = ta&  ~ Ta0  + PgaS 


P9°8  h«B  ■ S'16  * 5°6  V + p5°8  9 


aB 


or 


Pg“B  haB  = toB  = -3P  + 3P  = 0 


Thus  we  have  Pga0  hQg  * 0 and  gap  tQg  = 0.  When 


= * U gaB  + 2y  eaB 
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then 


or 


so  that 


, Aa8  A • , r,  AaB  • n 

1 s gaB  » + 2«  9““  ea6  = 0 


(3X  + 2y)  u = 0 


3A  + 2y  = 0.  (III-123) 

Equations  (III-121)  and  ( I 11-123)  combine  to  yield  the  set  of  Navier- 
Stokes  hydrodynamical  equations  for  a fluid  under  internal  pressure, 


y a 


a 


3P  + u g6”  V 


y 3u 


a ^ ~ a,Bv  * 


( 1 1 1 -1 24) 


3X  3X 

Thus  we  have  shown  that  by  restricting  our  system  to  a surface  where 
mass  conservation  holds  and  associating  the  viscous  coefficients  with  the 
surface  geometry  by  equations  (III-115)  and  (III-116)  the  equations  of 
motion  for  a homogeneous,  isotropic  fluid  subject  to  Stokes  hypothesis 
become  the  Navier-Stokes  equations.  Therefore  the  equations  of  motion  are 
indeed  generalizations  of  the  classical  and  relativistic  hydrodynamical 
equations. 

We  may  further  consider  what  restrictions  Stokes'  hypothesis  places 
upon  the  geometry  of  the  surface,  and  ultimately  upon  the  partial  deri^a- 

*ct8 

tives  of  the  mass  density,  by  considering  the  requirement  Pg  h = 0. 

ap 

If  P f 0 then 

5“6  h„8  ' »• 

For  our  three-dimensional  flat  space  this  becomes 

+ ^22  + ^33  ~ 

Which  says  that  the  trace  of  the  three-dimensional  matrix  hag  is  zero. 
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Since  hQa  for  a = 1,  2,  3,  is  given  by 

"««  = ^a-  f<,  + S„4  (fa)2 

where  f = -— - -^-  , then 
30  3X° 


2g 


a4  3y  + dt»**  / 3y  \ 1 

w»v*  v»  «a  a 2 ' _ « ' 

0 3X  0 3x 

/\ 

If  our  system  is  very  near  an  equilibrium  so  that  g. . is  a flat  space  then 

* vl 

A A 

ga4  = 0 and  guu  is  a constant  which  may  be  taken  as  unity  and 


h = (1  )(Jl.)? 

““  V V 

For  this  case  the  requirement  that 


hi i + h22  + h33  = 0 


requires  that 


+ + ^ = °* 


(III-125) 


Obviously  this  restriction  says  that  under  Stokes  hypothesis  the  mass 
density  may  possess  no  gradient. 

Since  the  objective  was  to  show  that  the  equations  of  motion  in  the 
five-dimensional  manifold  were  generalizations  of  the  Navier-Stokes,  con- 
tinuity, and  constituent  equations,  then  the  preceeding  fulfills  this 
objective.  Not  only  have  we  been  able  to  show  that  appropriate  restrictions 
upon  our  system  leads  us  to  the  classical  description  of  hydrodynami cal 
systems  but  we  also  find  that,  from  the  Dynamic  Theory  approach,  the  viscous 
stresses  must  be  related  to  the  geometrical  character  of  a four-dimensional 
hypersurface  embedded  in  a five  dimensional  manifold.  This  relation  is  not 
only  remarkable  but  promises  to  have  tremendous  significance. 


152 


To  envision  the  significance  of  the  notion  that  viscous  effects 
are  related  to  geometrical  properties  of  a surface  consider  the  fact  that 
the  coefficients  of  elasticity  in  the  generalized  Hooke's  law  of  linear 
elasticity  would  carry  the  same  appearance  as  the  coefficients  of  viscosity. 
Thus  when  using  the  first  fundamental  quadratic  form  for  the  hypersurface 
the  geometrical  character  of  the  hypersurface  describing  an  elastic  solid 
would  appear  identical  with  the  geometrical  character  of  a viscous  fluid. 
This  is  the  same  situation  as  the  fact  that  the  metrical  character  of  two- 
dimensional  surface  coordinates  of  a cone  are  indistinguishable  from  the 
two-dimensional  character  of  a cylinder  when  the  first  fundamental  quadratic 
form  is  used.  Yet  when  the  second  fundamental  form  determined  by 
the  metrical  difference  between  a cone  and  a cylinder  embedded  in  a three- 
dimensional  space  is  readily  displayed.  The.i  the  use  of  the  second  fun- 
damental quadratic  form  in  the  Dynamic  Theory  can  be  expected  to  disclose 
that  the  surface  describing  elastic  solids  is  metrically  different  from 
viscous  fluids.  Transitions  from  fluids  to  elastic  solids  then  become 
transitions  from  a surface  with  a certain  metrical  character  to  another 
surface  with  a different  cnaracter. 
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E.  ELECTRODYNAMICS 


One  of  the  incentives  for  seeking  to  determine  whether  the  five  equa- 
tions of  motion  were  generalizations  of  the  classical  hydrodynamic  equations 
was  the  possibility  of  shedding  new  light  upon  fusion  plasmas.  Now  before 
mass  conversion  is  accomplished  the  plasma  must  reach  certain  conditions. 

The  attainment  of  these  conditions  envoi ve  electromagnetic  fields  not  en- 
countered in  usual  circumstances  on  earth.  If  the  Dynamic  Theory  is  to  be 
believed  then  perhaps  it  may  provide  new  insight  into  the  attainment  of  the 
appropriate  conditions  before  mass  conversion  begins. 

The  following  development  still  assumes  conservation  of  mass  in  order 
to  see  the  geometry  of  the  hypersurface  for  a system  under  the  influence 
of  electromagnetic  fields. 

1.  Mass  Conservative  Electrodynamics 

Suppose  we  now  describe  the  behavior  of  charged  matter  under  the 
influence  of  an  electromagnetic  field  from  the  viewpoint  of  the  Dynamic 
Theory.  From  this  viewpoint  the  conservation  of  mass  has  the  effect  of 
restricting  our  system  to  a four-dimensional  hypersurface  which  is  embedded 
in  the  five-dimensional  manifold  of  space,  time,  and  mass  density. 

Since  we  desire  to  consider  the  effects  of  an  electromagnetic  field 
we  must  consider  a gauge  function.  When  a gauge  function  exists  the  square 
of  the  arc  length  in  the  entropy  space  is  related  to  the  square  of  the  arc 
length  in  the  sigma  space  by 


(dq°r  = g.-.-  dx1  dxj  = (4-)  g..  dx1  dxJ  = (ip-)(d<j)2  (III-126) 
'J  n00  nn 


1 

00 
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When  the  system  is  restricted  to  a hypersurface  by  the  relation 
x4  = x4  (x°,  x1,  x2,  x3)  then  the  entropy  surface  may  be  written  as 


where 


(dq°)  = aag  dua  duB 


: = " lil  3xi  = . .i  ,i 

“B  3U“  3U6  11  ° 8 


Likewise  for  the  sigma  surface 

(da)2  = a dua  due 
ap 


where 


he  = 9i j xa  xe  • 


Thus  we  have 


- f 1 \ x 
~ ' h ' a • 


(III-127) 


(III-128) 


(II 1—129) 


(III-130) 


(III-131) 


The  principle  of  increasing  entropy  requires  that  the  equations  of 
motion  be  geodesics  in  the  entropy  space  but  they  will  appear  as  equatiors 
involving  forces  in  the  sigma  space.  We  desire  to  expose  these  forces  and 
therefore  should  work  in  the  sigma  space.  Our  objective  then  is  to  de- 
termine the  effect  of  embedding  a four-dimensional  surface  given  by 
x4  = x4  (x°,  x1,  x2,  x3)  in  the  sigma  space  and  thus  obtain  a sigma  surface 
describing  a system  subjected  to  the  classical  conservation  of  mass  restriction. 

Having  previously  determined  the  metric  coefficients  for  the  entropy 
space  by  equations  ( I 11-94)  and  ( I 11-95)  we  may  write  the  coefficients  for 


the  sigma  surface  as 


~ h00  aag  = h00  ^9aS  + 


(II 1-132) 


However  by  considering  the  effects  of  the  electromagnetic  field 


as  a force  we  must 

first 

consider  the 

space 

field  tensor: 
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If  we 

restrict  ourselves  to  the  classi 

cal  field  quantities  E and  B 

and  for  the  moment 

assume 

that  the  field  quantities 

VQ  and  V are  zero. 

then  we  obtain  only  the  effects  of  the  hypersurface  viewpoint.  This  as- 
sumption seems  reasonable  considering  the  possible  interpretation  of  the 
new  field  quantities  in  terms  of  nuclear  effects.  Under  this  assumption 
our  field  tensor  becomes 


F. . = 


0 

~Ei 

-E, 

-E. 


0 

-B3 

B„ 


B, 

0 

-B, 


0 


0 

0 

0 

0 
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0 0 0 0 0 
We  can  now  use  this  space  field  tensor  to  determine  the  appearance 
of  the  fields  when  viewed  from  the  surface.  The  surface  field  tensor  will 
be  given  by 

F«e  ■ Fij  < 4-  <m-135> 
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L, 


* t 


. 


i 1 ^ 

But  since  x = 5 for  i,  a - 0,  1,  2,  3 and  x = f , the  surface  field 
a c a a’ 

tensor  of  a purely  electromagnetic  space  field  tensor  is  only  the  4-d 
portion  of  the  space  field  tensor  since  Fi4  = 0 for  i = 0,  1,  2,  3,  4. 

Thus  when  we  use  the  relativistic  energy-momentum  tensor  for  the 
surface  we  have 


T1™  = YU11  uv  + -i.  IF11  Fov  + l a"v  F“6  F i 
Cz  ct  4 a6 


( 1 1 1 -1 36 ) 


which  is  the  relativistic  energy-momentum  tensor  for  matter  under  the 

A A 

influence  of  electromagnetic  fields.  But  since  a^  = gag  + then 
(III-136)  becomes 

Tvv  = vu"  „»♦£  (F“a  Fav  + | (g>™  * hn  F“6  F 1 (111-137) 


or 


where 


-}iV  _ TKiv  . Tyv 

rel  geo 


(I I 1-138) 


T^,  i Y u“  u”  - i IFF  F«V  + 1 -„v  Fas  F j (IH-139) 


TW  = / 1 \ hW  Fa6  F 

geo  “ ^40^-  n aB 


‘rel  = y u u ‘ C2"  1 a T T3  ■ ' a$J 

is  the  four-dimensional  space  relativistic  energy  momentum  tensor  and 

(III— 140) 

is  the  portion  of  the  energy-momentum  tensor  which  contains  the  geometrical 
properties  of  the  hypersurface. 

From  equation  (I 11-138)  we  can  say  that  the  Dynamic  Theory  has  the 
appearance  of  adding  a term  to  the  relativistic  energy-momentum  tensor. 

This  term  contains  the  geometrical  character  of  the  surface  and  represents 
the  difference  between  the  appearance  of  the  energy-momentum  tensor  when 
viewed  from  the  surrounding  space  as  compared  to  the  view  from  the  hypersurface. 
If  we  take  the  divergence  of  the  energy-momentum  tensor  (I 11-138)  we 

have 


l -| 
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( II 1-141 ) 


-j-yv  _ yPV 


+ Tyv 

Iv  'rel  lv  geo  lv  * 


The  additional  force  terms  from  the  surface  geometry  are  given  by 


F°8  FaB>lv  ■ F“- 


( II I— 1 42) 


(III-143) 


But  if  we  define 

F“6  FaB  5 -16^ 
as  the  electromagnetic  energy  density,  where 

5 - 5T  <E2  * s2> 

then  the  geometric  energy-momentum  tensor  becomes 

Tgeo  ■ (m-lM) 

and  the  additional  forces  are  given  by 

F“  = (huv5)lv.  (III-145) 

We  may  also  look  at  the  radiation  pressure  predicted  by  the  Dynamic 
Theory  to  see  how  the  surface  restriction  affects  the  relativistic  pre- 
diction of  radiation  pressure. 

The  relativistic  radiation  pressure  is  taken  as  one  third  of  the 
three-dimensional  Maxwell  stress  tensor  which  is  the  space  portion  of  the 
energy-momentum  tensor,  or 


I 


H 


T"S  - l <EcES  + W - V 


(II I— 1 46) 


where  a,  s = 1,  2,  3. 

To  get  the  equivalent  stress  tensor  for  the  Dynamic  radiation  pressure 
we  must  add  the  space  portion  of  (III-143)  so  that  the  total  stress  tensor 
becomes 
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Ta0  ~ 4ir  ^EaE0  + BaB0^  “ 5a$5  " 4 hct0? 


(I I 1-147) 


* £ <EaEB  + BA>  * E '5.B  + V' 

We  can  then  obtain  the  negative  of  the  trace  by 

- (T)  = - (E2  + B2)  - 3c  - (h-j  + h22  + h33)  cl 

C ~ (^11  + ^22  + ^33^ 

The  radiation  pressure  is  then  given  by 

P = 4 [1  + hu  + h22  + h33l. 


(III-148) 


{III— 149) 


The  first  term  in  (III-149)  is  the  classical  radiation  pressure  in 
electrodynamics.  The  remaining  three  terms  give  the  difference  between 
the  pressure  predicted  by  the  Dynamic  Theory  and  the  classical  prediction. 
To  determine  what  this  difference  is  let  us  restrict  our  system  to  again 

A A 

be  very  near  equilibrium  so  that  the  ga4  = 0 for  a = 0,  1,  2,  3 and  g44  = 
constant.  Thus  we  have  a flat  space.  For  this  space  the 

h = 

aa  a * 'a 

0 3X 

from  (III-94)  while  g44  = -1.  Thus 

hn  + h22  + hs3  = ■ ft  4 4 ]*  {III~150) 

0 

By  substituting  (III-150)  into  (III-14S)  the  pressure  becomes 


p " f {1  ~Tz  [ ^ 4 ^ ^ 3K 

0 

However,  since  the  classical  pressure  is  given  by  Pc  = 3-  then  the  pressure 
predicted  by  the  Dynamic  Theory  becomes 


PD=Pc 


: s 


: I 


a 

:i 
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We  see  then  that  the  Dynamic  Theory  predicts  a decrease  in  the 
radiation  pressure  as  a result  of  viewing  the  system  to  be  restricted  to 
a four-dimens'iohal  hypersurface  embedded  in  a five-dimensional  space. 

The  amount  of  this  decrease  in  pressure  depends  upon  the  gradient  of  the 
mass  density  and  the  constant  aQ.  Once  the  constant  aQ  is  determined  then 
the  deviation  in  predicted  pressures  can  be  specified. 

2.  Limiting  Mass  Conversion  Rate 

But  how  may  aQ  be  determined?  From  the  five-dimensional  point  of 
view  the  constant  aQ  is  a universal  constant  which  is  involved  in  the  maxi- 
mum rate  at  which  mass  may  be  converted  into  energy.  This  may  be  seen  from 
the  integrating  factor  for  the  five-dimensional  system,  which  is 


/ v2  ;2  {III— 1 52} 

c2  ' a^c? 

in  a local  Euclidean  manifold.  Then  just  as  relativistic  theory  limits 
velocities  to  c so  the  Dynamic  Theory  limits  the  velocity  and  the  mass 
conversion  rate  y . This  limitation  comes  from  the  third  law  which  states 
that  the  entropy  of  the  system  is  zero  when  the  integrating  factor  is  zero. 

Thus  we  see  that  in  a five-dimensional  world  the  maximum  mass  conversion 
rate  depends  upon  the  velocity,  for  the  integrating  factor  goes  to  zero 
when 


1 - 


-X-r  = 0 
a 2c2 


or 

y - a0c  / 1 - £ • (III— 153) 

Therefore,  aQc  specifies  the  maximum  rate  of  mass  conversion. 
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F.  FIELD  EQUATIONS 

Einstein's  General  Theory  of  Relativity  made  possible  various  models 
of  the  universe  through  solutions  of  his  field  equations.  These  solutions 
gave  the  metric  coefficients  according  to  the  various  models  considered. 

Using  Weyl's  interpretations  the  Dynamic  Theory  leads  to  a five-dimensional 
set  of  field  equations.  These  equations  are  generalizations  of  Einstein's 
field  equations  and,  together  with  their  boundary  conditions  will  be  pre- 
sented here. 

1.  Non-linear  Field  Equations 

The  seven  Maxwell  equations  my  be  used  to  determine  the  gauge 
function  for  the  five-dimensional  nan i fold  for  an  isolated  system.  The 
regaining  metric  coefficients  say  be  determined  by  Einstein-type  field 
equations.  Therefore  let  us  assume  that  the  gauge  function  is  sicply  a 
constant  so  that  the  following  nay  concentrate  upon  the  remaining  coefficients. 

We  shall  suppose  that  the  metric  coefficients  are  determined  by  the 
gravitating  effects  of  mass  as  is  done  in  Einstein’s  Theory  and,  further, 
if  our  system  is  infinitely  far  from  gravitating  ratter  then  it  will  be  in 
an  equilibria  state.  Therefore  the  boundary  conditions  to  be  imposed  Is 
that  the  system  satisfy  the  conditions  of  equilibrium  when  far  rsnoved  f**cs 
gravitating  matter.  In  equilibria  the  second  partial  derivatives  will  fee 
constants  evaluated  at  this  equilibrium  state.  Therefore  the  limiting 
metric  will  be  one  with  constant  coefficients.  This  is  similar  to  the 
conditions  used  in  the  Schwarzchild  solution  to  Einstein's  equations. 


Thus  our  limiting  metric  will  be 


stwwMni" 


The  field  equations  in  a vacuum  are 


Rij  = ° 


n _ 32£  -/  Q 

R . . = ; — ^ 

1J  3X13XJ 


^ <ij>  + <>iV 


(in-15#) 


where  i,j=0,l,2,3,4. 

Sitting  c = 1 and  taking  the  trajectory  to  be  a straight  line  far 
from  gravitating  matter.  (Note:  This  involves  an  assumption  concerning 
the  nature  of  how  the  mass  density  is  aifected  and  should  be  considered 
in  detail  later.)  This  leads  us  to  assume  the  limiting  form  of  the  metric 


to  be 


2 2.  .2  22 


(dq°)  - (dt)  - (dr)  - r (de)  - r sin  e (d<J>) 


_ (dy)2 


We  may  further  set  dQ  = 1 in  the  same  sense  as  c = 1 for  further 
simplification.  Therefore  let  us  adopt  the  fou. 

(dq0)2  = f^r.yHdt)2  - f2(F,y)  (dr)2  - r2(de)2  - r2sine  (d<?) 


•f3(r,y)  (dr)2. 


(III-155) 


Here  the  cross-product  terms  have  been  rejezted  due  to  arguments  of 
static,  spherical  symmetry  and  simplicity. 

Suppose  for  the  purpose  of  finding  the  functions  f1#  f2,  and  f3  we 
follow  Schwarzchild's  example  by  setting 


fj  = e^  ; f2  = eX  ; £3  = ev. 


(IIi-156) 


Substituting  these  into  the  metric  of  (III-155)  the  metric  becomes 


(dq0)1  ~ -ex(dr)2  - r2(do)  - r sino (d^>)  - ev(dy)  + eM(dt) , (111-157} 
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Thus  the  metric  coefficients  are  given  by 

A II  A ^ A A 2 

9oo  = ey  ; gn  = -e  ; g22  = -r2  ; g33  = -r2sine 
944  = *»  9i  j = 0 for  i f j . 

The  determinate  for  the  quadratic  f.rm  of  equation  (I II- 157)  is 


A A A A A 


g = 900911922933944  = elA+!J+v^  r4sin"2e 

A 

and  the  contravariant  tensor  g J is  given  by  the  matrix 

fy  0 0 0 0 \ 

0 0 

0 0 
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-e~X  0 
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F2 


-1 


0 0 “T^iTn^e  0 
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0 -e 


-vi 


The  Christoffel  symbols  {A}  may  now  be  constructed  and  since  g..  = 0 

• 0 * J 

when  i f j we  have: 

r * 

[ij 

The  non-zero  Christoffel  symbols  are  then: 

r 0 , 1 / 

'Or  £'ar 


(A)  = (})  'gn  (!fU  , 3gi.i  1 


3x 


3X 


/ 0 > = i/llL) 


<oo»  ■ t,V  * 


r 1 i _ 1 / 3X.\ 

'14  T{w 


{33}  = - re 


{22}  = ‘ re"X 


-xsin2e  t,1,}  = - fee'-V 


2'3r; 
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r 


/!  > =1 
l2r  r 

; 3 j = 1 
l31j  r 


f 4 > = 

l00}  iS  3y'e 
{ 4 } = JjibL) 

Mr  ?Mr' 


{331  = -sine  cose 
<32>  = cot9  * fH 

<iV  - - r(w>e<i"v) 

<44J  * ?'W> 


The  equations  for  y,v,  and  X are  then  obtained  by  inserting  the 
Christoffel  symbols  into  equation  ( I I 1-1 54)  and  setting  R-.  = 0.  This 

• J 

procedure  yields  five  equations: 

r 1/92V»\  i l/3y\/3X\  l/3y%2  l/3y\/3v\  1 /3y\-,„(y-X) 

[ ^3r2°  VJr'w  " tw'  “ ?MrM3r'  " r Mr)]e 


+ 1 - !<&> + !$><£>  - {(f*>2  - - o 


(III-158) 


3y 


'3y,v3y' 


1 /32y\  l/3X\/3y\  , l/3y\2  1/3X\  l/3X\/3v\  , l/3v>2  , 1/32V\ 

2 Mr2  " ^Mr'  Mr  TMr'  ” rMr  "*  T'jr  3r  ?Mr  ^'sr2" 

( I I I— 1 59 ) 

+ r ^ /32^  + l/<^2  + 1 /3Xw3y\  ] /3A\#3v\t  (X-v)  _ n 

+[  2(3^]  t(WKW,]  " 0 


e-An  * (j-Mf* + &-!?>]  -i  = o 

sin2e{e‘x[l  + (y)r(|£+  f£  - |p)l  - 11  » 0 
1 / 32y\  . 1 / 32X\  , 1 /3X\2  1 /3XwoV\  1 /3vw3y\  . 1 /3u\ 

7 tarJ  + t 5T ) - r " J W ^ + 7T  UrJ 


(III-160) 


(III— 161 ) 


2v3y 


1 Kw)  * la?  " T KWKW  " * VWMW;  T v3yj 


(III-162) 


j._  (v-X)  f 1 /3v\  , 1 /32V\  1 ;3v\/3X\  1 /3v\/3y^  ^ 1 /3\>\2,  _ n 
+e  [7(3F}  + I (3^}  • T (3F)(3F}  + T (3?)(3?)  + T {W  J " 0 
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Equation  (II 1-161)  is  a repetition  of  equation  (I 11-160).  Therefore 
there  are  only  four  equations  on  the  three  functions  X,  y,  and  v to  con- 
sider. This  situation  is  similar  to  the  one  in  Schwarzchild's  solution. 

It  is  relatively  easy  to  show  that  these  equations  reduce  to  Einstein's 
equations  of  Schwarzchild. 

Here  the  solution  to  these  equations  are  not  obtained.  However  ob- 
taining the  solution  will  provide  a model  of  the  universe  in  which  mass 
conversion,  or  creation,  plays  a free  role  as  an  independent  coordinate. 
This  picture  of  the  universe  should  produce  an  interesting  and  perhaps 
enlightening  view  of  Blackholes.  Particularly  since  Blackholes  involve 
tremendous  mass  densities  and  mass  density  changes. 

2.  Linearization  of  Field  Equations 

The  set  of  differential  equations  for  the  functions  y,  v,  and  X 
given  in  the  preceeding  section  are  non-linear  equations  which  may  prove 
difficult  to  solve.  Linearizations  of  these  equations  may  provide  approxi- 
mate solutions  which  could  prove  useful. 

The  procedure  to  linearize  the  equations  is  identical  to  the  process 
of  linearizating  the  general  relativistic  field  equations.  However  here 
the  equations  involve  five-dimensions  and  we  therefore  obtain  15  partial 
differential  equations. 

If  we  restrict  our  system  to  be  sufficiently  near  an  equilibrium  state 
so  that  the  metric  tensor  differs  only  slightly  from  the  flat-space  metric 
for  the  equilibrium  state  then  we  may  write  the  metric  tensor  as  the  flat- 
space  tensor,  given  by 

* O 


166 


*1.1 


-1 

0 

0 

0 

0 


0 

-1 

0 

0 

0 


0 

0 

-1 

0 

0 


0 

0 

0 

-1 

0 


°l 

0 

0 

0 

-1 


(III-163) 


Where  the  five-dimensional  Minkowski  coordinates  ict,  x,  X,  z, 

ao 

are  used  for  simplicity,  plus  a pertubation  term  e$*.  so  that 

* 


9ij  “ ^ij  + e51j  » ijj  = 0,  1,  2,  3,  4 . (III-164) 

then  only  the  first-order  terms  in  the  parameter  e are  to  be  considered 
as  significant  in  all  equations. 

By  following  the  same  procedures  as  in  the  relativistic  case  the 
linearized  partial  differential  equations  for  the  fifteen  distinct  per- 
tubation terms  y^-  may  be  found  to  be 
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The  only  difference  between  equations  (III-165)  and  the  linearized 
relativistic  equations  is  the  increased  dimensionality  which  results  in 
suimring  over  the  five  coordinates  and  allowing  the  indices  to  range  over 
five  dimensions  instead  of  the  four  used  in  the  general  relativistic 
approach. 
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IV.  IMPLICATIONS  OF  THE  DYNAMIC  THEORY 

Though  a number  of  implications  of  the  Dynamic  Theory  could  be  singled 
out  for  discussion  here  only  two  have  been.  The  choice  was  made  primarily 
to  display  the  capability  of  the  theory.  The  first  implication,  the  existence 
of  a limiting  rate  of  mass  conversion,  was  picked  because  it  represents, 
as  far  as  is  known,  a prediction  which  is  originated  by  the  Dynamic  Theory. 

On  the  other  hand  the  self  energy  of  a charged  particle  is  discussed  in  order 
to  show  the  capability  of  the  theory  to  shed  new  light  upon  previously 
considered  concepts  and/or  phenomena. 

A.  LIMITING  MASS  CONVERSION  RATE 

As  far  as  is  known  the  prediction  of  the  existence  of  a limiting 
rate  of  mass  conversion  is  original.  However,  the  manner  in  which  it  appears 
within  the  theory  is  identical  with  the  manner  in  which  the  limiting,  or 
absolute,  velocity  appears,  namely;  as  the  result  cf  applying  the  third  law. 
Further,  this  coincides  with  the  classical  appearance  of  the  absolute  zero 
temperature  as  a limiting  value.  Thus  from  the  Dynamic  Theory's  point  of 
view  the  concept  of  a limiting  rate  of  mass  conversion  is  just  as  fundamental 
as  the  concept  of  a limiting  temperature  or  velocity. 

On  the  other  hand  the  existence  of  a limiting  rate  of  mass  conversion 
seems  intuitively  pleasing.  For  if  we  accept  the  notion  that  something 
cannot  travel  with  infinite  velocity  it  seems  only  reasonable  to  believe 
that  mass  may  not  be  converted  instantaneously. 

The  third  law  establishes  a limiting  value  of  the  time  rate  of 
change  of  one  of  the  coordinates,  or  variables,  by  the  integrating  factor 
going  to  zero.  Then  for  a system  near  equilibrium,  so  that  a flat  space 
may  be  considered,  the  integrating  factor  goes  to  zero  when 
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(IV-D 


1 ''2  Y2 

1 • F" 

where  y = dy/dt  and  v2  = (^-)  + (^-)2  + (^-)2.  Thus  the  limiting  rate 
of  mass  conversion  depends  upon  the  velocity  since,  from  equation  (IV-1) 


y = + a c / 1 - -pi 


(IV-2) 


0~  ■ c 

Therefore  the  maximum  rate  of  mass  conversion  occurs  when  v = 0 and  then 
it  may  be  seen  that  the  limiting  rate  of  mass  conversion  is  given  by  y = aQc. 
The  limiting  rate  is  specified  for  a particle  which  is  setting  still,  or 
for  v = 0.  However,  on  the  other  hand  if  v = c then  there  can  be  no  mass 
conversion-  This  might  be  better  seen  from  another  view.  A system,  which 
we  might  consider  as  a particle,  finds  itself  limited  in  how  fast  its  mass 
may  change  (to  be  concise  we  should  say  "mass  density")  by  the  relativistic 
appearing  equation  (IV-2).  On  the  other  hand  the  speed  of  light,  c, 
represents  a limiting  velocity  and  the  arguments  of  special  relativity 
may  be  reproduced  here  to  show  that,  for  a particle  beginning  with  a velocity 
less  than  c,  no  massive  particle  may  be  accelerated  to  the  speed  of  light. 

Here  we  find  the  further  conclusion  that  a particle  may  not  be  created  and 
have  a velocity  equal  to  c upon  creation. 

Notice  that  in  the  argument  above  we  hedged  a little  when  comparing 
the  argument  to  an  argument  based  upon  Einstein's  special  theory.  The 
reason  for  this  comes  from  an  important  difference  between  the  theories. 
Einstein's  theory  is  restricted  to  the  four-dimensional  world  of  space-time. 
Thus  it  seems  reasonable  to  conclude  that  if  something  cannot  be  accelerated 
up  to  the  speed  of  light  then  nothing  can  exist  at  a velocity  greater  than 
the  speed  of  light.  This  logic,  however,  contains  the  pitfall  of  inductive 
reasoning.  The  trap  appears,  not  so  much  in  the  logic  of  the  Special  Theory, 
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as  in  the  limitations  imposed  by  the  nature  of  Einstein's  postulates.  By 
this  1 mean  that  by  adopting  Einstein's  postulates  we  are  limited  to  a 
four-dimensional  world  and  must  rule  out  solutions  with  velocities  greater 
than  the  speed  of  light. 

I' , on  the  other  hand,  we  look  at  the  Dynamic  Theory  we  find  that 
the  theory  is  not  restricted  to  any  number  of  independent  variables,  or 
dimensionality.  Further,  we  find  that  the  limiting  effect  of  the  third  law 
does  not  exclude  solutions  with  velocities  greater  than  the  speed  of  light 
but,  in  the  four-dimensional  case,  rather  rules  out  solutions  with  velocities 
which  cross  the  absolute  velocity.  This  means  that  within  the  Dynamic  Theory 
solutions  may  exist  for  particles  with  velocity  greater  than  the  speed  of 
light. 


The  next  question  might  well  be,  if  velocities  greater  than  the 
speed  of  light  are  allowed,  how  might  they  be  obtained?  Obviously,  the 
allowance  of  these  velocities  as  solutions  does  not  necessarily  mean  that 
they  can  be  obtained.  Here  we  find  the  generality  of  the  Dynamic  Theory 
coming  into  the  picture.  It  allows  a fifth  dimension.  Equations  ( IV-1 ) 
and  (IV-2)  were  written  for  a system  restricted  to  remain  very  near 
equilibrium  so  that  a flat,  or  Euclidean,  space  may  be  used.  Suppose  we 
remove  this  restriction  so  that  we  must  consider  a curved  space.  However, 
suppose  that  we  relax  this  restriction  in  a very  particular  fashion.  Let 
us  suppose  that  the  only  non-constant  metric  element  is  g44.  Then  equation 
(IV-1),  which  is  the  conditions  for  the  vanishing  of  the  integrating  factor, 
may  be  written, 
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where  g may  depend  upon  position  and  mass  density.  Then  solving  for  the 
velocity  which  drives  the  integrating  factor  to  zero  we  find 


v0  = 4 c • <™-4) 

Now  suppose  we  define  the  speed  of  light  to  be  the  velocity  for  which  the 
integrating  factor  goes  to  zero.  This  definition  is  consistant  with  Einstein's 
definition  of  light  waves  traveling  along  a null  trajectory  in  the  four- 
dimensional space-time  manifold.  However,  in  the  five-dimensional  manifold 
of  the  Dynamic  Theory  this  speed  of  light  depends  upon  the  rate  of  mass 
conversion  and  the  metric  element  g44. 

Obviously,  if  g44  is  negative  then  the  limiting  velocity,  vQ,  exceeds 
the  absolute  zero  velocity  c,  which  now  may  be  defined  as  the  limiting 
velocity  in  the  absence  of  mass  conversion.  Thus  the  attainment  of  solutions 
with  velocities  which  are  greater  than  c depends  upon  the  possibility  that 
the  metric  element  g, , be  less  than  zero. 

B.  SELF  ENERGY  OF  A CHmRGED  PARTICLE 

In  classical  electromagnetic  theory  the  self  energy  of  a charged 
particle  is  discussed  but  its  value  has  not  been  established.  This  is 
because  the  expression  for  the  self  energy  is  a function  of  the  radius 
associated  with  the  physical  extent  of  the  charge  distribution.  Thus  the 
radius  of  the  charged  particle  must  be  known  before  the  value  of  the  self 
energy  can  be  determined. 

Currently  the  self  energy  of  a charged  particle  is  equated  with  the 
energy  associated  with  its  inertial  mass  by 

E = me2  . 

Then  the  radius  associated  with  this  energy  is  taken  as  the  "radius"  of  the 


particle.  There  is  no  intention  that  this  radius  be  the  physical  radius 
of  the  particle  though  it  compares  favorably  with  experimental  values. 
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The  question  arises  here  of  whether  or  not  the  Dynamic  Theory,  with 
the  five-dimensional  viewpoint,  can  theoretically  predict  the  self  energy 
and/or  the  radius  of  the  physical  extent  of  the  mass  or  charge  distribution 
of  the  particle. 

One  of  the  beneficial  aspects  of  the  generalization  of  physical  theory 
as  done  in  the  Dynamic  Theory  is  the  possibility  of  using  conceptualizations 
and  procedures  developed  in  one  branch  of  physics  in  another  branch.  This 
aspect  of  the  theory  appears  applicable  here.  The  self  energy  of  a charged 
particle  is  the  notion  that  a certain  amount  of  energy  be  associated  with 
the  existence  of  the  particle  and  its  charge.  This  notion  may  be  associated 
with  the  notion  of  free  energy  used  in  thermodynamics  for  if  the  self  energy 
of  the  charged  particle  is  its  free  energy  then  it  represents  the  energy 
which  may  be  'freed'  upon  converting  the  particle  into  energy.  Conversely 
this  would  represent  the  energy  required  to  assemble  the  charged  particle. 

With  the  conceptualization  of  free  energy  the  second  law  provides 
the  condition  for  a stable  equilibrium  state.  Namely  that  a charged  particle 
in  an  equilibrium  state  must  exist  at  a minimum  of  its  free  energy.  Thus 
if  the  self  energy,  or  free  energy,  of  a charged  particle  is  sought  then 
minimizing  its  free  energy  will  yield  the  desired  result. 

Before  applying  the  principle  of  minimum  free  energy  to  a charged 
particle  in  a five-dimensional  space,  suppose  that  the  principle  is  applied 
in  a four-dimensional  manifold  first.  This  procedure  will  hopefully  provide 
some  validity  to  the  method  oi  may  point  out  some  difficulty  with  it. 

The  free  energy  was  defined,  in  analogy  with  the  thermodynamic  case, 
as 
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( I V— 5 } 


G = U - $S  - xaF 

a 


where  a depends  upon  the  applicable  work  terms  which  here  will  be  taken  as 
the  three  spacial  dimensions  so  that  a = 1,  2,  3.  The  first  law  is  given 
by 

dQ  = dU  - F&dxa  (IV-6) 

while  the  second  law  yields 

$dS  = dU  - Fadx“  ( IV— 7 ) 

for  a quasi-static,  reversible  process.  Therefore  the  differential  change 

in  the  system  energy  is  I 

i 

dti  = $dS  + Fadxa.  (17-8) 

Differentiating  equation  (IV-5)  gives  the  differential  change  in  the 

* ! 

free  energy  as 

dG  = dU  - $dS  - Sd$  - F dxa  - xadF  . (IV-9) 

T a a 

Substituting  (IV-8)  into  (IV-9)  yields 

I 

dG  = - Sd<p  - xadF„.  (IV-10) 

**  I 

The  force  in  equation  (IV-10)  is  considered  to  be  the  Lorentz  force 

Fa  = q [E  + (v  x B)]ft 

so  that  equation  (IV-10)  becomes 

dG  = - Sd6  - x“d  {q(r  + (v  x B))q}.  (IV-11) 

If  we  wish  to  consider  the  change  in  free  energy  with  respect  to  a 
change  in  the  charge  at  a constant  velocity  we  find  that  since  6 is  a 
function  of  velocity  only  then  d$  = 0.  The  specification  of  constant 
velocity  stems  from  the  desire  to  obtain  the  self  energy  of  a charged 
particle  therefore  the  particle  should  bp  considered  as  sitting  still  so 
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that  it  will  have  no  kinetic  energy.  The  differential  change  of  free 
energy  for  a stationary  particle  is  then 

dG  = - Sd$  - x°d  {q  [c  + ( v x B)]q} 

= - Sd<f>  - xa  {dq  [¥  + (v  x F)]  + qd  [t  + (7  x 8)]  } 

a a 

so  that  for  6 = constant 


.-.r  3[E  + (v  x B)] 

(#)  - - x°  [E  + (V  x B)L  - x°  q! a). 
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But  f + (v  x B)  is  independent  of  the  charge  q and  therefore 


(l|K  - - xa  [E  ♦ (7  x B)3 
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(IV- 


If  the  charge  is  not  in  motion  then 


(IV- 


since  v = 0.  Further,  if  the  field  E is  due  to  the  charged  particle  then 
radial  symmetry  yields 


E = ~e  r 


4-f 


(IV- 


for  points  external  to  the  negative  charge  distribution.  Substituting 
(IV-15)  into  (IV-14)  results  in 


r 3G^ 
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r-  4-f  r 
^ 0 0 
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Thus  we  may  integrate  over  the  charge  q at  the  radius  R to  get 


G e 'e 

i dG  = 4^R  ; dc* 

Go  0 0 


so  that  the  free  energy  is  given  by 


{ I V - 1 7 ) 


6 = i — '~k  + 6 . 

Here  the  use.  of  the  (-e)  in  the  limits  of  integration  corresponds  to  the 
notion  of  free  energy  as  the  energy  required  bring  the  charge  to  the  radius 
R. 

Thus  the  free  energy  given  by  equation  (IV-17),  and  hence  the  adopted 
method,  differs  from  the  classical  expression  for  the  self  energy  of  a 
charged  particle  by  the  constant  G0  only.  From  equation  (IV-17)  it  may  be 
seen  that  the  value  for  the  free  energy  depends  upon  the  physical  radius 
R by  an  inverse  relation.  This  function!  relationship  obviously  will  not 
yield  a finite  value  of  R which  will  minimize  the  free  energy.  Therefore 
we  are  no  better  off  than  we  were  by  using  the  classical  theory. 

The  question  of  interest  though  is  whether  or  not  the  five-dimensional 
viewpoint  will  shed  a new  light  cn  the  self  energy.  By  the  preceding  develop- 
ment arriving  at  an  expression  consistent  with  the  classical  self  energy  of 
a charged  particle  a measure  of  validity  has  been  obtained  for  using  the 
method. 

Suppose  now  we  apply  the  preceeding  procedure  from  a five-dimensional 
point  of  view.  In  a five-dimensional  system  the  forces  are  given  by 

J, 


F = q[T+  (v  x 1)1  + — V a = 1,  2,  3 

G (X  C u 

F„  = q[V0  - If]. 


(iV-18) 


Thus 


xa  dF  = xa  d(q[F  + (v  x B)]  + 

cl  a 


J.v„ 
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+ x qdFT  + (v  x B )]Q  + x4  dq[YQ I 


t x-  cdtv„  - ^JLz. 

• 0 c 


Then  for  a stationary  particle  and  charge  so  that  v = 0, 
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Again  suppose  that  the  electric  field  is  due  to  a spherically  symmetric 
charge  distribution  so  that 

A 

er 


i IV— 2t 


t = - 


which  is  independent  of  q.  Thus  equation  (IY-20)  becotnes 


r3G^ 


Xa  .3j4Va. 
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- x4 

du 


It  is  not  obvious  whether  J&,  V and  Vr  are  independent  of  q or  not 
when  the  seven  Maxwell  equations  are  first  considered.  However,  with 
the  tentative  interpretation  that  these  quantities  are  related  with  nuclea? 
forces  we  can  suopose  that  they  are  independent  of  the  charge  q and 

{ iv-2: 


= S _ xh  v 
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Since  x4  = y/a0  then  equation  (IY-22)  becoraes 
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where  is  the  sass  density  of  the  partic’-e.  Integrating  equation  { IY-23) 


at  the  radius  R 
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/ dG 
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mQ  YVrt 
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or 

G"JRO'‘»“  ‘ ^ OV-24) 

0 0 0 

since  VQ  was  assumed  to  be  Independent  of  q. 

The  charge  q Is  oxtornal  to  the  charged  particle  and  therefore  should 
be  independent  of  the  mass  density  so  that  the  free  energy  becomes 


G ■ n3r + ♦ V nv-»> 

0 0 

For  a charged  particle  the  mass  density  will  depend  upon  the  physical 
extent  of  the  particle  and  hence  upon  R.  The  field  quantity  V0  is  supposed 
to  be  related  to  nuclear  field  properties  and  may  also  depend  upon  R.  Thus 
there  should  be  a flnlto  radius  of  physical  extent  R which  will  minimize 
the  free  energy  given  by  equation  (IV-25). 

If  the  functional  dependence  of  VQ  and  y upon  tho  radius  R wore  known 
then  a minimum  of  tho  free  energy  would  be  given  by  determining  the  radius 
Rq  for  which 


Before  equation  (IV-26)  may  be  used  to  find  the  radius  Rq  which  minimizes 
the  free  energy,  an  appeal  to  the  sovon  Maxwell  equations  and/or  a model  of 
tho  particle  must  be  made  so  that  the  dependence  of  tho  product  yV0  upon 
R can  bo  determined. 

Suppose  a simple  model  of  the  particle  Is  made  In  order  to  further 
Investigate  tho  existence  of  a finite  radius  RQ  which  will  minimize  the  free 
energy.  If  a uniform  mass  distribution  In  a spherical  shape  Is  considered 
then 
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and  equation  ( IV-25)  becomes 
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0 0 

If  it  is  also  supposed  that  VQ  has  a (1/R)  dependence  then 
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Differentiation  equation  (IV-28)  with  respect  to  R yields 
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(IV-28) 


( IV-29) 
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Then  Ro  -•  3/  -— — - is  the  radius  which  would  minimize  the  free  energy 
o 

for  this  model. 

The  minimum  value  of  the  free  energy  would  then  be  given  by 
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Though  the  self  energy  given  by  equation  (IV-30)  is  based  upon  an 
unvarified  model  it  does  represent  a demonstration  that  the  Dynamic  Theory 
can  produce  a predicted  value  of  self  energy  for  a charged  particle.  It 
remains  then  to  determine  a realistic  model  of  the  particle  or  another 
method  of  determining  the  functional  dependence  of  yVQ  upon  the  radius  R 
plus  determining  the  value  of  the  universal  constant  aQ.  Once  this  has 
been  done  then  the  self  energy,  or  free  energy,  may  be  specified. 


V.  CONCLUSIONS 


The  generality  of  the  fundamental  laws  adopted  by  the  Dynamic  Theory 
makes  it  possible  to  arrive  at  a great  number  of  conclusions.  However, 
only  a few  will  be  selected  for  discussion  here. 

The  first  question  which  provided  the  motivation  to  seek  a new  theoretical 
approach  to  physics  concerned  the  uniqueness  of  the  velocity  of  light  as 
a limiting  velocity  for  all  natural  forces.  The  answer  is  provided  by  the 
axiomatic  development  of  the  second  law.  This  development  produced  ar 
integrating  factor  for  the  differential  statement  of  the  first  law.  A 
characteristic  velocity  was  shown  to  exist  in  the  definition  of  the  absolute 
velocity.  That  absolute  velocity  is  given  by  a constant  velocity  process 
at  which  the  integrating  factor  is  zero.  The  important  point  in  the 
development  which  provides  the  answer  to  the  uniqueness  of  the  velocity  is 
the  proof  that  the  integrating  factor  is  independent  of  the  nature  of  the 
force.  Therefore,  if  the  absolute  velocity  is  independent  of  the  force 
it  must  be  applicable  to  all  forces  and  hence  unique. 

Since  by  definition  the  absolute  velocity  is  a constant  in  one  reference 
frame,  it  must  also  be  a constant  in  any  other  reference  frame  moving  with 
a constant  velocity  relative  to  the  first.  Thus  the  absolute  velocity  must 
be  unique  and  a constant  in  all  reference  frames  moving  with  constant 
relative  velocities.  The  experimental  and  theoretical  evidence  of  electro- 
magnetism requires  that  this  absolute  velocity  be  the  same  value  in  all 
these  reference  frames.  This  requirement  leads  to  the  principle  of  Lorentz 
covariance.  Then  all  the  laws  of  nature  must  be  Lorentz  covariant  whether 
electromagnetic,  gravitational,  or  nuclear  since  the  absolute  velocicy  is 
unique  and  independent  of  the  force, 
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We  find  that  the  appearance  of  the  integrating  factor  also  clarifies 
the  relationship  between  the  velocity  dependent  relativistic  mass  and 
velocity  dependent  forces.  In  Einstein's  Special  Theory  of  Relativity  we 
find  it  necessary  to  consider  a velocity  dependent  relativistic  mass  and  a 
velocity  independent  force.  However,  in  the  Dynamic  Theory  there  appears 
two  differential  expressions  which  become  important  for  any  system  description. 
The  first  differential  expression  is  the  first  law  itself,  which,  in 
simplified  form  is 

dQ  = m£)  dq  - / 1 - ^/cz  F(q)  dq. 

The  other  is  the  expression  for  the  differential  change  in  mechanical  entropy 
or 

dS  = jpJS==  - F(q)  dq. 

/I  - q’Vc* 

The  integral  of  dQ  depends  upon  the  path  and  therefore  is  of  little 
utility  in  determining  the  actual  process,  or  path,  taken  by  the  system. 

On  the  other  hand  the  entropy  is  independent  o*  the  path.  This  characteristic 
together  with  the  principle  of  increasing  entropy  for  an  isolated  system 
. establishes  the  variational  principle  for  determining  the  path.  Since  the 
objective  of  dynamics  is  to  find  the  path  taken  then  it  becomes  obvious 
that  the  differential  expression  for  the  entropy  change  plays  a dominate  role 
and  it  is  in  this  expression  that  we  find  Einstein's  velocity  dependent 
relativistic  mass  and  a velocity  independent  force.  However,  from  the 
Dynamic  Theory's  point  of  view  the  first  law  describes  "reality"  and  here 
we  find  velocity  dependent  forces  and  mass  which  is  independent  of  the 
velocity. 
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Thus  we  find  that  the  Dynamic  Theory  requires  that  the  kinetic  energy, 
which  comes  from  the  energy  expression,  to  be  the  classical  kinetic  energy, 
or  (tj-)  mq2,  while  from  the  entropy  expression  comes  a function,  -me2  /l  - C^/c^  , 
which  may  be  called  the  "kinetic  entropy."  In  this  manner  the  Dynamic  Theory 
clarifies  the  mental  controversy  which  motivated  It.  For  from  this  view 
point  kinetic  energy  does  not  depend  upon  the  value  of  the  limiting  velocity; 
kinetic  entropy  does.  The  two  are  distinct  concepts,  however,  the  distinction 
can  not  be  seen  from  a relativistic  point  of  view. 

Though  the  philosophy  which  formed  the  basis  for  the  development  of  the 
Dynamic  Theory  made  it  necessary  to  set  aside  the  fundamental  postulates 
of  Einstein's  relativistic  theories  and  Newtonian  laws  and  begin  to  establish 
a new  theoretical  basis,  we  find  that  the  Dynamic  Theory  requires  the  same 
conclusions  as  special  cases.  Therefore  the  viewpoint  of  the  Dynamic  Theory, 
which  appeared  incompatible  with  current  theories,  not  only  supports  current 
theories  but  lends  them  additional  strength  from  its  more  general  approach. 

The  concept  of  a limiting  velocity  takes  on  a new,  mo. e fundamental,  character 
as  the  mechanical  counterpart  to  thermodynamic's  absolute  zero  temperature. 

Yet  because  of  the  different  point  of  view  this  limiting  velocity  does  not 
have  the  absolute  character  attributed  to  it  in  relativistic  theory  for  we 
find  that  its  value  depends  upon  the  dimensionality  of  the  system. 

When  the  metric  provided  by  the  stability  conditions  is  considered 
we  find  that  the  Dynamic  Theory,  through  the  second  law,  specifies  the 
geometry  which  must  be  considered.  This  removes  the  necessity  of  assuming 
a particular  geometric  character  and,  for  an  isolated  system  specifies  the 
type  of  geometry  which  can  satisfy  the  principle  of  increasing  entropy. 

Using  Weyl's  interpretations  from  his  unified  field  theory  we  find  that  the 
Dynamic  Theory  answeres  some  questions  which  Weyl's  theory  leaves  unanswered 


or  introduces. 
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First  recall  that  Weyl  assumed  the  existence  of  a quadratic  and  linear 
differential  form.  The  Dynamic  Theory  produces  two  quadratic,  plus  a linear, 
differential  forms  for  isolated  systems  and  it  is  the  interplay  of  these 
three  forms  which  provide  the  answers.  Weyl's  theory  raised  a question 
concerning  integrability  and  Einstein  produced  an  argument  which  indicated 
that  Weyl's  theory  would  not  produce  the  sharp  spectral  lines  we  see  from 
atoms  changing  states.  Weyl  only  had  one  quadratic  form.  The  Dynamic  Theory 
has  two;  one  an  entropy  manifold,  which  yields  an  integrable  arc  length  of 
entropy,  the  other  manifold  is  related  to  it  by  the  gauge  function.  Thus 
the  second  law  requires  that  the  entropy  manifold  have  an  integrable  arc 
length  though  the  other  may  not  and  in  that  event  the  gauge  function  be 
haves  like  an  integrating  factor. 

An  additional  feature  of  the  interrelation  of  the  three  differential 
forms  lies  in  its  ability  to  shed  new  light  upon  the  existence  of  both 
positive  and  negative  electromagnetic  charges.  Weyl's  theory,  as  well  as 
Maxwell's  leaves  this  question  unanswered.  Weyl  defined  the  potentials 
, which  are  the  coefficients  of  the  linear  differential  form;  as 

J\ 

1 8£nf 

where  f is  the  gauge  function.  Though  the  gauge  function  relates  Weyl's 
"distance  measures"  £ and  £ by 


£2  = f £2, 

Weyl  did  not  take  the  potentials  to  be  logrithmic  derivatives  of  a radical 
function.  As  a result  he  pointed  out  that  one  way  of  accounting  for  the 
difference  between  positive  and  negative  electricity  would  be  to  introduce 
a radical  some  where. 
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The  Dynamic  Theory  requires  that  the  entropy  manifold  be  related 


to  the  sigma  manifold  by 

(dq0)2  = f(dcr)2. 

Here  the  principle  of  in^easing  entropy  provides  the  variational  principle 
hence  there  is  added  significance  in  considering  the  differential  change 
in  entropy  or 

dq°  = f*5  do. 

Thus  the  only  mathematically  consistent  difinition  for  ^ is 

, _ 1 3£nf 

thereby  accounting  for  the  existence  of  both  positive  and  negative  electro- 
magnetic potentials. 

The  recognition  of  the  existence  of  the  radical  together  with  fact 
that  the  second  law  demanls  a real  function  for  the  entropy  since  dq°  >_ 0 
for  an  isolated  system  provides  the  capability  to  remove  London's  difficulty 
with  imaginary  distances  in  his  quantization  of  We.yl's  theory.  This  coupled 
with  the  logical  demand,  by  the  Dynamic  Theory,  for  the  conditions  resulting 
in  quantization  demonstrate  the  power  of  the  theory  to  unify  the  whole  of 
physical  theory  under  the  umbrella  of  a single  set  of  generalized  laws. 

The  real  power  fff  the  theory  begins  to  make  its  appearance  when  some 
of  the  restrictions  are  relaxed.  This  is  demonstrated  here  by  considering 
a thermodynamic  work  term  in  the  first  law  together  with  three  mechanical 
work  terms.  For  it  is  here  that  forces  with  the  appearance  of  nuclear 
forces  appears.  These  forces  come  from  the  action  of  new  field  quantities 
appearing  as  the  fifth-dimensional  components  of  the  gauge  field.  Though 
these  field  components  first  appear  in  an  interrelationship  with  the 

classical  electromagnetic  fields  it  is  the  quantization  which  provides 


the  connection  of  the  field  quantities  with  nuclear  properties.  The 
connection  shews  up  first  in  the  prediction  of  anomalous  magnetic  moments 
but  gains  additional  support  from  the  appearance  of  three  spin  vectors 
which  become  necessary  to  complete  a set  of  commuting  obser-ables. 

Thus  the  Dynamic  Theory  offers  the  hope  of  including  nuclear  theory 
and  elementary  particle  theory  within  the  same  unified  structure.  Two 
aspects  from  this  approach  seem  particularly  significant  in  their  support 
of  thio  contention.  One  is  the  appearance  of  octets  as  the  number  of 
allowed  combinations  of  fundamental  eigen-values  for  the  components  of  the 
three  spin  vectors.  The  other  is  the  necessity  for  one  of  the  vectors 
to  be  a four-dimensional  spin  vector  instead  of  being  a three-dimensional 
one.  Could  this  not  be  the  additional  freedom  necessary  to  include  the 
newly  discovered  elementary  particles  within  the  same  theoretical  frame 
work  as  the  others? 

When  hydrodynamical  systems  are  considered  the  theory  offers  new  views 
of  several  different  physical  phenomena.  First,  there  is  the  comparison 
between  viscous  coefficients  and  the  elastic  coefficients  of  elastic  solids. 
These  coefficients  mathematically  appear  the  same.  The  Dynamic  Theory 
offers  a geometrical  interpretation  of  these  coefficients  relating  them 
to  the  geometry  of  a four-dimensional  hypersurface  embedded  by  mass 
conservation  into  the  five-dimensional  manifold.  This  allows  two  geometrical 
descriptions  of  these  phenomena.  From  one  geometrical  approach  two  surfaces 
may  appear  the  same  while  from  the  other  they  are  distinct.  Thus  it  seems 
possible  to  establish  a geometrical  distinction  between  the  viscous  and 
elastic  coefficients. 

Another  phenomenon  which  appears  under  a new  light  in  the  Dynamic 
Theory  is  the  electromagnetic  containment  of  an  ionized  plasma.  This  should 
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prove  to  be  of  considerable  benefit  when  applied  to  a fusion  reactor.  ‘ 

For  here  the  theory  gives  a geometric  view  of  a hyper-surface  imbedded 

into  a five-dimensional  space  until  sucn  time  as  mass  conversion  begins 

to  take  place  when  the  system  description  becomes  one  given  by  the  five 

equations  of  motion  in  the  full  five-dimensional  space. 

It  is  here  that  the  concept  of  limiting  rate  of  mass  conversion  becomes 
prominent.  This  limiting  rate  stands  as  a fundamental  concept  with  the 

same  character  as  the  speed  of  light  in  relativistic  theories  and  within  i 

this  theory  where  mass  conservation  applies.  I 

For  cosmological  modeling  the  Dynamic  Theory  offers  the  possibility  of  J 

j 

zero  radiation  pressure  boundary  conditions.  Further,  the  theory  may 

otter  new  insiahts  on  black  holes.  Black  holes  are  considered  to  have  1 

* J 

tremendous  mass  densities  and  seem  to  be  appropriate  for  the  application  of  f 

4 

the  theory.  Further  justification  of  the  theory's  applicability  to  black 

J 

holes  comes  from  the  recent  appearance  in  the  literature  of  the  need  tc  I 

talk  of  a generalized  second  law.  This  generalization  appears  as  a particular  j; 

j 

combination  of  the  thermodynamic  entropy  and  an  area  of  a black  hole.  I 

1 

To  quote  Wald,*1)  "The  generalized  second  law  is  a truely  remarkable 
law  in  that  it  involves  three  rather  distinct  fields  of  physics:  thermo- 
dynamics, general  relativity,  and  quantum  theory.  Is  it  merely  a strange 

; -3 

coincidence  that  this  new  law  appears  to  be  ture,  or  is  there  some  deep, 
fundamental  significance  behind  it  which  we  do  not  yet  fully  appreciate?  - J 

At  the  present,  I do  not  feel  that  we  can  answer  this  question."  The  J 

Dynamic  Theory  offers  an  answer  for  it  shows  that  there  is  no  coincidence  § 

^Wald,  R.,  1977,  Particle  Creation  near  Black  Holes,  Scientific  American  j 

I 
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in  finding  a second  law  involving  these  three  theories  to  be  seen  to  hold. 
Indeed  that  is  just  what  is  predicts.  The  unification  of  the  different 
physical  theories  by  the  adoption  of  the  three  generalized  laws  points 
out  the  fundamental  significance  of  a generalized  second  law. 

It  thus  seems  appropriate  to  offer  three  further  quotes:  "The 
ultimate  aim  of  many  theoretical  physicists  is,  first,  to  define  more 
precisely  the  range  of  validity  of  the  currently  known  laws  of  physics  and, 
then,  to  find  the  new  laws  of  physics  that  govern  the  phenomena  outside  this 
range.  The  discovery  of  such  new  laws  is  generally  accompanied  by  a major 
breakthrough  in  our  understanding  of  nature."  (R.  Wald  1977)  "If  we  wish 
to  find  in  rational  mechanics  an  A Priori  foundation  for  the  principles  of 
thermodynamics,  we  must  seek  mechanical  definitions  of  temperature  and 
entropy."  {J.  W.  Gibbs)  "A  theory  is  the  more  impressive  the  greater 
the  simplicity  of  its  premises  are,  the  more  different  kinds  of  things  it 
relates,  and  the  more  extended  is  its  area  of  applicability.  Therefore, 
the  deep  impression  that  classical  thermodynamics  made  upon  me.  It  is 
the  only  physical  theory  of  universal  content  concerning  which  I am  convinced 
that,  within  tne  frame  work  of  applicability  of  its  basic  concepts,  it  will 
never  be  over  thrown."  (A.  Einstein,  1949).  So  tne  Dynamic  Theory,  as  a 
new  view  of  space,  time  and  matter,  appears  to  me. 
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